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CHAPTER I 


ANHARMONIC OR CROSS-RATIOS. HOMO- 

GRAPHIC RANGES. INVOLUTION RANGES 

[On « first reading it may be thought advisable for the student 

to omit from Art. 17 to the end of the Chapter. ] 

1. If P, Q, #, S are four pointe lying on a straight line, 
the ratio of PQ to QR divided by the ratio of PS to SR ia 
called the anharmonic, or cross-, ratio, of the four points 
P,Q, R, S and is denoted by the symbol (PQAS). Thus 

apo, P@ . P8_PQ_SR_ PQ.RS 
(PORS)= OR ~ R= QR * PS QR.SP’ 

The last form is perhaps the most easy to write down, 
especially when, as is often the case, the four points are not 
in order on the straight line. 

Starting with P the four elements are PQ, QF, AS and 
SP in cyclical order; the first element is put in the 
numerator, the second in the denominator, the third in the 
numerator, and the fourth in the denominator.] 

Such a set of pointe lying on a straight line is called a 
range. 

Similarly a set of straight lines meeting in point is 
called a penoil of rays; and the point in which they meet 
is called their vertex. 

The cross-ratio of a pencil of rays OP, OQ, OR, OS is 

sin POQ, sin ROS 
ain QOR, ain SUP’ 
and is denoted by the symbol 0 (PQS). 

2. Ifa pencil OP, 0Q, OR, OS ts cut by any transversal 
in the points P, Q, R, S, the cross-ratio 
of the pencil is the same as that of the 
range PORS. 

For, if p be the perpendicular from 
0 upon the transversal PQAS, then 
px PQ=2A0PQ=O0P . OQ sin POQ. 


LO 
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pxQR=09. wre aes OR, OS sin ROS, 
an pe bP = 08 OP sin SO 


Ru on substituting es ‘onteiting like quantities, we 


PQ.RS _ sin sin POQ sin ROS 
[PGES] = QR.SP  sinQOR’ sin sin SUP ? [PORS), 
If any other transversal cuts the rays in P,, Q,, 2,, §, 
it follows that (P,Q, 2, 5,)=[PQRS). 


For 
[?,0.2,8,]=0[P, 0, 2,5] = O[PQRS) =[PQRS}. 


3. When four points such as ft ¢.. Ri. 5, are obtained 
from 2, Q, &, 8, or vice versa, by joining one range of four 
points to a vertex 0, and obtaining the second rang 
means of the intersections of the io joining lines with any 
transversal, then one range of the points is said to be the 
projection of the other range. 

Thus the eross-ratio of a range of points is the same as that 
of their projections, or, as it is generally expressed, the cross- 
ratio of a range of four points is unaltered by projection. 
As will be seen in a Jater chapter this is a most important 
result, { Arts, 199-20]. ] 

&. Crose-ratio of the pencil formed by the four atraight 
lines y=m,%, y=m,x, y=m,z and y=mywx. 

Let straight line parallel to the axis of y meet the four 


straight lines in the points P, Q, R, S the axis of x 
in W. Let ON=h, where 0 is the origin. Then 


NP=m,h; NQ=m,h; NR=mh; VS=m,h; 
. PQ=(m,—m,)h; QR=(m,—m,)h; RS=(m,—m,)A 
SP =(m,—m,) h, 
Hence the cross-ratio of the pencil OP, 0Q, OR, OS 
= that of the range P,Q, R, S=[PQRS] 
_ PQ. mi _ (1-1) (m,— ms) 
~ QR. SP © (m,— 1m) (mm, — m,) 
This result is easily seen to be true whether the axea are 
rectangular or oblique. 
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5, Cross-ratic of the pencil formed by the straight lines 

y=0, y=ma, z=0, y=m,e, 

In this case the third straight line cute the straight line 
parallel to the axis of y, i.e. parallel to itself, at an infinite 
distance. 

Also the points VY and P of the previous article coincide; 
hence in this case we have 

PQ=mh, PR=a, and PS=m,h, 


Epis PQ. RS h h 
: oi mh —tyh-m _ m 
[PORS|= OR 3P~ a — mh’ — mh im 
6. Harmonic Ratio. If the cross-ratio of four points 
is equal to — 1, the ratio is said to be harmonic. 
In this case, from the definition of Art, 1, 
a - aR" BS “Fore 
Qk SR RS 
.. PQ(PS— PR) = PS (PR—PQ). 
. PR. PQ+PS.PR=2PS.PQ. 
di kes 
os PQ” PS” PR’ 
i.e. PQ, PR and PS are in harmonic progression. 
If Q is the middle point of PR, then S is at infinity. 
If O be the middle point of PR, then OP? = 0Q . OS. 
For if 
PQ=q PR=r and PS=s, then roo. 
q ’ s, then r ne 
: r ¢ ¢ 
i 00=9-5=7 and OS=s-5=——. 
ee 
locas sat tr ae Reel 
The points Q and S are said to be harmonically con- 
jugate with respect to the points P and #; this is also 
expressed by saying that they divide the straight line PR 
harmonically ; points Q and § are said to be conjugate 
points as also the points P and 2, 
1—3 
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7. Similarly, if a pencil of four lines is such that its 
cross-ratio is equal to —1, it is called a harmonic pencil, 
and two of the lines divide the angle between the other 
two harmonically, 

In the proposition of Part I, Art, 401, we have an example 
of a harmonic range, and the proposition may be expressed 


in the form 
(OPRP’)= -1, 


8. If x,, x, a, &, are the distances of four points P, Q, 
R, 8 from any fixed origin O lying on the straight line on 
which the four points lie, then 

, _ (%—%) (%, —a) 
POR) ==) (=m) 
This quantity is equal to — 1, if 
(tg 2) (4-4) + (5-2) (@~ a) = 0, 
he if (H+) (+X) = Ox, x, + 22,x,, | 
which is therefore the condition that the four points should 
form a harmonic range. 
The cross-ratio of the four points is equal to unity if 
— (G-%) nm) = -2,) - 2), 
ie, if (% — 2) (%— 2%) = 0, 
and then %=2, OF %=27,, 
so that either the points P and £ coincide or the points Q 
and § coincide in this case. 

Similarly the straight lines y=m,2, y= myx, y= m,x, 

and y=m,« form a harmonic pencil if 
(m, + m,) (m, + m,) = 2m, m, + 2m,m,. 

Just as in Art. 5 it follows that the straight lines y =0, 
y=px, c= 0 and y=— px form a harmonic pencil. 

9. To find the condition that the straight lines given by the 
equations ax’ + 2hay + by = 0 and a'z* + 2h'zy + b'y = 0 may 
be harmonscally conjgugate, 

Let the first pair of straight lines be y= m,a and y= m,x, 
ao that m, +m, = and m m= 


HARMONIC RATIO 5 
that mM, + n= ¥ and mm, =F. 
By Art. 4 we then have 


Sn i! a Stl) ES 


(m, — m,) (m, — m,) 
ie. (m, + m4) (m+ m,) = 2mm, + 2m,m,. 
due (aM. 
b t/; t' 2 
ab +a'b = Dhl 
is the required condition. 


Cor. 1. The pair of straight lines y’- p’z* =0 and the 
pair given by zy=0 are harmonically conjugate, +.¢. any 
pair of straight lines and the bisectors of the angles between 
them form a harmonic pencil. 


Cor. 2. The imaginary straight lines <* +y'=0 and the 
axes zy = 0 also satiaty the condition of this article. Henoe 
any pair of perpendicular straight lines divide harmonically 
the lines joining their intersection to the circular points at 
infinity (Part I, Art. 392). 


10. Just as in the previous article a pair of points whose 
distances from a fixed origin are given by ax*+2hz+b=0 
divide the straight line joining the pair of points given by 
a'x'+ 2h'2 + b'=0 harmonivally if ab’ + a'b = 2A’. 

11, To find the pairs of lines passing through the origin 
which are harmonically conjugate both with the pair of lines 
given by ax + Slay+by'=0 and with the pair given by 
a, 2° + 2hoy +6, y°=0. 

To shew also that the lines s0 found are harmonically con- 

jugate with respect to all the pairs given by 
as! + Qhay + by + A (a,a" + 2h, wy + b,y*) = 0, 
where A 1s any constant, 

Lat the required pair be 

ala + Qh’ ny + b'yF =O occ seeseeeee(I), 
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Then, by the previous article, we have 
@b -Qh +b’ =0 oe sceccceeeee (2), 
and @b,— 2h +b a=0 oe ..(3). 
Solving, we have 
a’ 2h! b 





al, —a,h ab, a,b hb = hyd’ 
Also (2) and (3) give, for all values of A, 
a’ (b+ Xb,) — 2h’ (h + Ah,) +5’ (a + Aa,) = 0. 
But this is the condition that (1) should be harmonicalhy 
conjugate with the pair 
(a+ Aa,) af +2 (h + Mh) wy + (b + AB,) y= 0. 

12. [f four points lie on a straight line, their polars with 
regard to any conic meet in a point, and the cross-ratio of 
the four points is equal to that of the pencil formed by their 
polars, 


Take the straight line as the axis of a, and let the dis- 
tances of the four points /,, ,, P;, P, from the origin be 
@,, %, 2, %,. The polar of the point P,, i.¢. (#,, 0), with 
respect to the conic 

ax! + Dhay + by + Igx + 2fy +e=0 
is a (aa, +g) + y (ha, +) +a, +¢=0 ,.....(1). 
For all values of «, this passes through a given point, viz. 
the pole of the axis of x, eer 

Now (1) is inclined to the axis at an angle tan-'m,, where 

__ hat f 
en aa, +g 
So for the polars of P,, P,, P,. 
Hence the cross-ratio of the pencil of polars 
_ (My = ™) (4 - mg) _ (7 —%) (%— 4) 
(m,—m,)(m,-—m,) (a, —2,)(x,-2,)’ 
on substitution and reduction, 
=the cross-ratio of the four given points. 

13. From four points P, Q, & and 8, lying on a straight 
line, we can obtain different cross-ratios according to the 
order in which we take the points. Four points can be 
permuted amongst themselves in |4, i.e. 24, ways, but it 
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is easily seen that they only give rise to six different cross- 

ratios. For 
(PQRS] =(QPSR]=(RSPQ)=(SRQP] ...(1), 
[PQSR] =(QPRS] =[RSQP]=[SRPQ] ...(2), 
[PRQS] =(QSPR] =(RPSQ] =(SQRP] ...(3), 
[PRSQ] =[QSRP] =[RPQS] =(SQPR] ...(4), 
([PSQR] =(QRPS)]=(RQSP] =(SPRQ] ...(5), 
[PSRQ] =[QRSP] =(ROPS] =[SPOR] ...(8), 

as may be verified by the definition of Art. 1. 

The second, third, and fourth cross-ratios in either of 
these six rows may be obtained from the firat by inter- 
changing any two letters in it and then interchanging the 
other two, Thus, if in eee we interchange P and S, and 
then interchange Q and R, we obtain [S&QP], which is the 
last ratio in (1). We thus have six different cross-ratios, 
viz. the first in each of the above rows. 

These again are not independent. Forif P,Q, &, 5 areany 
four points in a straight line, in any order, we always have 

PQ. RS+PR.SQ+PS.QR=0....... (7), 
where careful attention is paid to the signs of the quantities 
involved. 

For let the distances P, Q, A, 5 from a fixed point in the 
atraight line be p, g, 7, # 30 that 

PQ =0Q-O0P=q-p; RS=0S-OR=8-1, ete, 
then the left-hand member of (7) 
= (¢—p) (8-7) +(r—p) (9-8) + (#-p)(r-9) =. 
Dividing (7) by PS. QR, we have 
PQ.RS PR.SQ 
Ps.oR * Ps.qr*'=% 
. PR OS PQ RS 
es RQ ‘ SP =|i= OR * aP" 
Hence, if we put [PQRS|=A, this gives 
[PRQS)=1-A. 
Again, dividing (7) by PQ. RS, we have 
,PR.SQ  PS.QR 
PQ.RS” PQ.RS ’ 
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PR.SQ_|_ me haat 


aaa ee) aay <A ne Gua Yay 
Further, if we interchange the first and third letters or the ~ 
second and fourth points of a range, we easily see that we 
invert a ie a 





[PSRQ) = iT, =5, [PSQR] = “Rs — 
and (POSE) = rppsy= 1+ = 2 — 


Thus finally the six cross-ratios (1), (2), (3), (4), (5), and (6) 
become 


A A=!l ] I 
A gry oA por Foye Ome 5: 


14. The 24 croas-ratios that can be obtained by taking 
the 4 points P, Q, 2, Sin any order have thus been expressed 
in terms of any one of them. 

On examination it will be seen that four of the cross- 
ratios are always positive, and the other two always negative. 

In the case when 7’, Q, 2, § form a harmonic range, if 
we put A=-], the other cross-ratios become }, 2, 2, $, and 
~ 1, respectively, 1.6. the 24 cross-ratios reduce to the values 
~1, } and 2. Hence 8 range of four points is harmonic, if 
their cross-ratio, when the points are taken in any order, 
reduces to either of the values - 1, 4, or 2. 

Similarly, if either of the cross-ratios is equal to 1, 0, or 
oo, then two of the four puints coincide. 

If we put A=—tan"@, the six possible values of the croas- 
ratios in the previous article can be written in the form 
siu* #, cos’ 6, — tan’, - cot*, cosec’# and sec, If circles 
be described on PR and QS which meet in 7, and if 0, 0, 
be their centres, it can be shewn that @ is one-half the angle 
OTO,. Forif PQ=6b, PR=c, and PS=d, the triangle 07'0, 
e(d +b) — 2db 

(d-0) 
ste b(d-c)_ PQ.RS_ 
eT doo” Cee 


, and hence 


gives cos O7'0, = 


COMPLETE QUADRILATERALS 9 
15. To shew that each diagonal of a complete quadri- 
lateral is divided harmonically by the other two diagonals. 
Let PQRS be a quadrilateral. 





4 
B 
Produce the sides to meet in O, and 0,. 
Take QF and QP as the axes of wand y. Let the equation 
of PR be 
Ere ho ee: | 
and that of 0,0, be 
x La + mgy— LAO... cccseseeesecne( 2), 
Then the equation of RO, is 
hat my ~ Lo 0... cece cee eee (3), 
and that of 0,P is 
Bet my — La... cecsecserrerea( hp 


By subtracting (2) from (1), we see that the equation of 
OB is 


(f,~1,) a + (1m, — mq) y= 0. 
tas subtracting (4) from (3), we have as the equation 
0. 


(,— 4) —(m, —m,) y =0. 

Hence, by Art. 8, Q2, QR, QA and QP form a harmonic 
pencil, so that (BRA P) and (BO,C0,) are harmonic ranges. 

Similarly it may be shewn that [QASC] is a harmonic 
range. 

Aliter. This proposition may also be deduced from 
Ceva'e and Measles Theorems. : 

Let 0,4 meet QR in U. 
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From the triangle 0, PR since 0,0, QS, and RP meet in 
a point, Ceva’s Theoram gives 
QU. RS.0,P=UR.80,. PQ. 
From the same triangle, since PSO, is a transversal, 
Menelaus’ Theorem gives 
Q0,. RS.0,P=-0,R8.S80,. PQ. 
Hence, by division, 
UR 0,R’  UR* 0,0 
.’, [(QURO,] is harmonic. 
. O, [(QURO,] is a harmonic pencil. 
Hence, by Art, 2, (QASC]=—1 and (PARZ)=—1. 
Also, since the pencil Q{?ARB]=-1, therefore the 
transversal BO, gives 
(0,00, B] =-1. 


Cor. The pencils at the three vertices A, 0,, 0,, viz. 
A (PO,S80,), 0,(PASO,), and 0,(QAPO,), are all harmonic. 


==, 


16. If four ints A, B, C, D on a conic be given, the 
crose-ratio of the pencil P(ABCD) i constant for all 
positions of P on the conic. — 

This follows from the final result of Part I, Art. 383, 
For the perpendicular from P upon AB 
2QPAB PA. PBsin APB 

45° AB 
and so for the other three perpendiculars. 

.(& .PBsin APB _ Pe. a) 








ey CLD 
+ (ay ain BPC x4 e * sin DPA) 
is constant, 1.¢. 
sin APB sin? PD _, 48.0D CD 








sinBPC ‘sinDPA ~~ BC. DA’ 
where & is a constant, ic, P[ ABCD] is constant, 
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Bx. Shew that the cross-ratio of the subtended at any 
int P of an gs by the four points whose eccentric angles are 


11 20g, 2a, 2 a, 168 
Bin (@g — a) sim (aq- oy) 
sin (a5 — cg) fim (a - a4) 
[Take P at an end of the major axis of the ellipse, so that 


_ ene = : tan a), ete. | 
1] 


1, Shew that the locus of a point the tangents from which to the 
cirele ri+y?-29,2+¢=0 harmonically divide the tangents from it to 
the circle 24+ y?-Qggr+c=0 ta 

a8 (Qe — gi ~ gy!) + 2y* (¢ ~ gua) - arin +nd(e> 3m) 

et c(g 24-93%) =0. 
By Part I, Art, rallels drawn through the origin to the tan- 
pe from (2’, y’ Ae ibis circle are ton wa 
24 (y? +e — gy!) +y? (24 - 2g, 2’ +0) - Qeyy’ (2 - g,) =0, 
and similarly for the second circle they are given by 
a8 (yt +0 —gg4) +y" (2 - gga’ +c) - 2eyy’ w- gs) =0. 
By Art. 9, these are harmonic if 


0-H) 0 —Bne +) +97 +¢- Hi (ante 


(2’— 91) (2" - gy). 

Henoe, on reduction, the loous of (x’, y') is 
a4 (20 - gx" - ga#) + By" (e- gigs) - 22(n1+ 09) (= gut) i, 
1 


If the two given circles cut orthogonally, then 


(1 -gs)*=g:' -¢ +93" - ¢, Le. c= 9191, 
and the locus reduces to a 
=-¢, 


sage! pote of straight lines, which are real since the circles intersect 
, and theréfore ¢ ia negative. 


2, A straight line is drawn 10 that its intersections with the circle 
zi+y)—29,.24+¢=0 are always harmonically conjugate to its inter- 
sections with the circle 24+y*-2gg2+c=0; shew that ite envelope is 
a conic whose foci are the centres of the circles, and that this envelope 
reduces to the two centres only if the circles cut ‘orthogonally 

The lines joining the origin to the intersections of the straight line 
iz+ my +n=0 with the first circle are 

nt (2+ y%) +29, nz (Lt + my) +¢ (iz +myP=0, 
te. 28 (nm? +29, ln+el*) + Bey m (gyn + le) +y* (n? + cm?) =0. 
Similarly for the aecond circle. 


2+ 99%) =0, 
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These are harmonic if (Art. 9) 

(m3 + cm?) [2n? +2 (gy + gy) ln + Del*)= 2m? (gyn +le) (ggn+ic), 
ive. if m? (c — gigs) +n*+(gi+ gs) n+eP =0, 
l +n 
ie. if ae ” saps—e Tmmeere Nepeecees |S 
iz. if the product of the perpendioular from the centres of the two 
cireles upon the straight line is constant. Its envelope is thus 6 
conic, with these two centres as foci, and its semi-minor axis equal 
to ./mga-¢- 

if the circles cut orthogonally, then g,g3=c, and (i) gives either 
lg, +n=0, or lgy+n=0, i.e. the straight line Age on through one or 
other of the centres of the two circles. This is clear geometrically; 
toe i peo sinaies ont crmeueaety ay through the centre O of 
one cuta that circle in P, and P, the other in Q,, Qy such that 
OQ, . OQy=(rad. of first cirele)?= OP, = OP,?, and thus (P,Q)P_Q3) is 
harmonic (Art. 6). 

9, Shew that one of the cross-ratios, ), of the pencil in which the 
pair of lines ax?+ 2hay + by*=0 are conjugates, and the other pair of 
conjugates ie the lines a'x? + 2h'ry +b'y'=0 is given by 
fit 2 4(h*— ab) (h’?- 0’b) 

=) ~~ (ab! +a'b— hh’)? * 
Let the first pair be yr) (y-psz)=0 and the second pair 
(y- P22) (y — P42) =0, so that : 
PitPs= ~ PiPs= 5 
Qh’ a’ 
petpe= a and P= 7: 
Then y= (Pa Pi) (Pa Ps) 
(ps - Ps) (#1 -Ps)’ 
: h-1_ (Pi - Ps) (Pa- Pa) 
and hence X41 Spipa+ 2papi ~ (Pits) (P24 PO 
_ 2 /i8= ab a/b? - a’! 
~ al +ab-Bhn* 
from the above relations. 

The cross-ratio is harmonic if \= - 1, and then ab’ +a’b=2hN' as in 
Art. 9. 

4, Shew that the points whose abscissae are the roote of the quartic 

art +4br3+ Ger? + 4dr +e=0 
form a harmonic range if 
(be — aed)? = (b* — ae) (ct - ae). 

If the roots are 2), 7), 73, 74, the points give a harmonic range 

(art. 8) if | 
(t1 +4) (rg+ 24) =2 (x, 29 +79%,) reas svsvcssavenstae 
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But 
-2 = (2+ 3) + (r+), 


Ma oyayt yay tye + anes tnt + 224 
ies by (), $= Blasts +z900)= (01+) ata 


" ee 2 2g (at 24) + 2y%q (41 +23), 


é 
and = 2 Tq X TqXy. 


.. 16 = = [ (a) +23) + (zg +24) F — 4 (2) +29) (va + 24) 


m[(2) +23) - (2y+24)F, 
16 ooo a (x14 - 29x4)', 


a 8 cor ~ 2[(w) + 25) + (eat 24) [ata + 2924) 
+ 4a) By (q+ tq) +4224 (21 +25) 
= - 2 [ (xy +25) — (zg+ 24) [z1 29-29%). 
+, (be -ad}¥=(88~ac) (ct = ae). 


This may be written in the form 
a, bh ¢ 
ace + Dhed - ad? -~ ¢b?-c3 =| b, c, a} =0. 
¢, d@, 1 


5, 0, d, B, C are four collinear points, 4’ is the harmonic conju- 
gate of O with respect to B and C, Q is the harmonic conjugate of 0 
with respect to 4 and 4’, and P is the harmonic conjugate of A with 
respect to Q and 4’; show that 

— 2 

OP 04* OB * 0G’ 

(Let 0d =a, OB=b, OC =c, OA'=a', OQ=q and OP=p. Then 
$4260) 3 940 3 
2761s! goa tal ™ 5-2 gat ae 

| a(a'-a), | _ Baa’ _ Babe 
Henea 97 4=" Gta} F480 boteatab’ ©! 
§, 4, B, C are collinear te and X is the fourth harmonic of 4 
with t to Band C; Y is the fourth harmonic of B with respeot 
to Cand A; and Z ia the fourth harmonic of with respect to A 
and B; prove that 
AX BY’ CZ 
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. If By, By are harmonis conjugates to By, C, and By, By to By, C, 
By By; to By, C, show that By, By are harmonic conjugates 


[Take any vertex 0 and estimate the pencils thue obtained on a 
transversal parallel to OC, so that the point C, is at infinity, i.¢, in 
the language of a later chapter project to infinity.) 

8, Two sets of four collinear points are such that the points of 
one set are at distances 2,4, -1, 1 from a fixed point on the line, 
and those of the other set at distanoes -3, 9, -4, -4" from a fixed 
point on the other line. Shew that two ranges of four points can be 
formed from the two sete which have the eame cross-ratios, 

[The cross-ratios of the first set are, as in Art. 18, equal to 2, 2, -1, 
}, —1, 4 and those of the seeond are 4, -1, 4, -1,2, 2, Hance, with 

e potation of Art. 18, the ranges PORS and P,S,R,Q, have the same 
orogs-ratios. } 

9, Shew that the asymptotes and any pair of conjugate diameters 
of a conio form a harmonic pencil. 


Homographic Ranges. 

17. Arrange of points on one line is said to have a one-one 
correspondence with a range of points on a second line [which 
line may coincide with the first line] if to each point of the 
first range there corresponds one, and one only, point on 
the second range, and if also to each point of the second 
range there corresponds one, and one only, point of the first 
range. 

Let the distance of any point of the first range from a 
fixed point on it be x, and the distance of the corresponding 

joint of the second range from a fixed point on it be «. 

When the lines on which the ranges lie intersect, the fixed 

int for each may be taken to be the common point of 
intersection. 

Then, assuming the relation between # and 2 to be 
algebraic, it must be of the form 7 

Awe! + Bat Cn! + D=O-rererceeceeeee(]), 
where A, B, C and D are constanta, For if in this relation 
we had a term of the form 2x" then, although for each 
value of x’ there would be only one of », yet for a given 
value of x we should have a quadratic equation for x’, and 
therefore more than one value of 2’. Similarly it would be 
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seen that any other terms, besides the four in the relation 
(1), would be impossible, 

When such a relation as (1) holds, the point on the 
second range is uniquely determined when the corresponding 
point of the first range is given. The two ranges are said to 
be homographic. 

Similarly homographic pencils are defined; if corre- 
sponding rays are inclined to any fixed lines at angles tan~'m 
and tan~! m', then 

Amm' + Bm +Cm' + D=0. 

18. The cross-ratio of any four poinis of the first range 

is equal to that of the corresponding four points of the second 


range. 

For let the distances of the four points of the first range 
from the origin be a,, a,, 2, 2,, and let those of the second 
range be z,', x, x,, %,, 80 that we have four relations such as 

, Aza, + Bu, + Ca +D=0. 

ioe Bz, + D po Bz,+D 
Hence 172,40” and 2, a dant? 
_(AD- BC) (2,- a) 
sic a ei (Az, + C) Am + 
and similarly for 2, —x,, 7,—2, and z,'— 
Now, by Art. 8, the cross-ratio of the mee set of points 


_ (i —%) (a - = (3y ~ 24) (24 — a) 
(% - he —%) (=, —%,)(z,-%) 
- {on sching the substitutions such as the above) 
= the cross-ratio of the four points of the first range. 
pis ai ranges are thus ranges whose cross-ratios 
are equal 
19. Poiité on eit ranges corresponding to the points 
at an infinite distance on the. other range. 
The relation connecting any pair of points such as P and 
P, or Q and Q’, etc., bene en 
Ave! + Bu + Ca! + D=0 wecccsceecesses(I), 
a Bet) ‘ Cz'+D 
Az+C’ Ax + B’ 





=> = 
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then to any point at infinity on one range corresponds a 
point on the other range. 


If z=, then 
B+2 


tril teats B 
meres ae i 
A+- 
B 
Lat this value of 2’ give the point J’, so that 0/'J’'=—2, 


If 2'=c0, then similarly 2=—°, giving the point J, so 
| c 
that OJ=-5 r 


If we now take J and J’ as the origins of measurement, 
i.e. if we put ‘ 


n= Ol+t=- C46, 
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and f= O/J'+0=- 748, 


then (1) becomes 
sx, BC-AD 
a 

Hence, if P, P’ be any pair of corresponding points, then 
IP, J'P’ = constant. 

Conversely if JP .J'P’ is constant where J, J’ are fixed 
points on two ranges, and P, P’ are variable corresponding 
points, then P, P describe ranges which are homographic. 

Theee points J and J" are called Vanishing Points, so 
that a vanishing point on one range is the point correspond- 
ing to the point at infinity on the other range. 

20. If ¢ =0, the origin 0, for x coincides with J. 

If B=0, the origin O,' for a’ is J’. 

If both B= 0 and C =0, the origins 0, and 0,' for x and 
az’ are J and J’ respectively. 

If D =0, the origins 0, and 0O,' are corresponding points. 

21. It may be noted that in the fundamental relation 
we must not have a for if each of these quantities 
were equal to A, 90 that 4 = Bd and ( = DA, the relation 
would become (a+ D) (\a’+1)=0. In this case we should 





: D 4 " = it 
have #=— > with any value for #, rg=s-l<-7 with 


any value for #, and hence a definite ‘ana of one range 
would correspond to any point of the other, and we should 
not have two ranges of points corresponding one to one. 


22. In order to give definitely two homographic ranges 
three pairs of corresponding points must be given. For the 
relation (1) of Art. 19 contains three constants - and ; j 
hence, when three pairs of corresponding values of z and 2’ 
are given, we have three simple equations to determine 
these three constants. 

Lu a 
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If the three pairs of corresponding points be ‘at distances 
a and a, 6 and 6’, ¢ and ¢' from their origins, we have 
Aaa'+ Ba+Ca' + D=0, 
Abb' + Bb + Cb'+ D=0, 








and Ace’ + Be + Ce' + D=0, 
Hence 
A : B C -D 
la, @' |aa, 1, @| |aa, a, 1; |ua, a, a| 
1, b, bb’, 1, 8 bb’, 6, 1 bb’, 8, 8 
1 6 ¢ oc, 1, ¢ og, & Fl le, @ € 




















23. If there are any number of points P, Q, BR, S,... 
one siraight line, and a homographic system P, Qf, rae 
on another straight line, the locus of the points of intersection 
of all such pairs as 1°’, PQ te @ straight line, and the 
envelope of the lines joining corresponding points ts a conic. 

Take the two straight lines as the axes of x and y 80 
that the common origin for both ranges is now O, their 
point of — (Fig. Art. 19), The distances x, and 
Ms a, and y,, of any two paira of corresponding points P 

and J”, Q and Q’, are given by the equation 





Any, + Ba, + Cy,+D=0 wccccccce(L), 
7 __ 5% +d 
1.4. ‘ Y= Az, +C 
D 
and nag, 
The equation to PQ’ is | 
d +! cf 
zm" 


16, a (Bx, +D)—- ilies C) =a, (Bu, + D). 
So that of P’Q is 
x (Bz, + D) — yaty (Aa, + C) = (Bz, + D). 
By subtraction, a line through their point of intersection is 
Baz (2, — ,) + Cy (4-2) =— D (t,~%), 
1.6. Bau + Cy + DO vecsssssesceneeere(2), 
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This is therefore the required locus. It passes through the 
points (-5.9) and (0, ~ 2): These are the points, X’ 
and X, on the two lines which are respectively the points 


corresponding to the origin 0, when the latter is looked 
upon as belonging successively to the two ranges. For 


when 2 =0, y,=~ 7, and when y:=0,%=~ 5. 


The line (2) which is the locus of intersection of cross lines 
is called the Homographiec, or Cross-, Axis of the two 
ranges, 


The equation to PP’ is = + ¥ = 1, ie, e+ my = 1, where 

| 1 

Din + 01+ Bm + A =0, on putting = = and m= in (I) 
i 


By Art. 437, Part I, the envelope of PP” is 

Big! + *y' + D+ 2yCD + 2aBD + Qay (2AD - BC) =0, 
i.e. (Ba + Cy + D)'=4ay (BC-AD), 
ie. 8 conic touching the two ranges at the points, X and 
K’, where the axis of homography meets them. 

If BC = AD, this conic reduces to a pair of coincident 
re (Ba+Cy+D)*=0. This is the excepted case 


It also reduces to a pair of coincident straight lines 
(Ba — Cy)* = 0, 
if D =0, and then the point of intersection of the two ranges 
is 8 point corresponding to itself in each range, and is there- 
fore a common point of the two ranges. 

In this case the relation (1) gives n="-Fe50 and the 
equation to PP’ becomes Ba —y (Ax, + C) = Ba,, which, for 
all values of «,, passes through the fixed point (-5. -3): 
When, as here, the lines joining co. ing points of 
two homographic ranges meet in a point, the ranges are said 

9 
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to be in perspective, and the point of concurrence is 
called the centre of perspective. 


24. From the preceding article it is easy to see how to 
construct the points of two homographic ranges. 

Let P, Q, Rand P’, Q’, R be the points which determine 
the ranges, Join PQ, PQ’, Q'R, QR’, and so determine the 
Homographie Axis KX’. (Fig., Art. 19.) 

Take any point X on the axis of the first range; join X 7’ 
to meet the homographic axis in U, and RU to meet the 
axis of the second range in X'. Then X’ is the point corre- 
sponding to X. By this method we can determine as many 
points as we wish, and so the ranges are known when three 
points of each are given. 

The vanishing pointa J, J’ are obtained as particular cases 


oye foregoing construction. For J corresponds to the point 
‘ at infinity on the second range eo that, if we take any 


bee a BS points Q and @, then Qa’ and Q'J meet 
on the homographic axis. 

Hence, if we draw Qo’ parallel to the second range to 
meet the homographic axis in 7, then Q’ V’ by its intersection 
with the axis of the first range gives J. 

Similarly, draw QW paralle] to the first range to meet 
the homographic axis in W, and then Q W by ite intersection 
with the axjs of the second range gives J’, 

Mx. Draw the figure of Art. 19 for two ranges where 
points are connected by the equation z,y, - x, - Sy, -6=0. 


25. The locus of the intersection of corresponding rays of 
two homographie pencils ts a conic section, 
Let 0 and 0’ be the vertices of the two pencils. Take 0 
as the origin, 00’ as the axis of 2, and let 00'=¢ 
Let the intersection of two corresponding rays OP and 
O'P be P, and let their equations be 
y=ma, and y=m'(z—c). 
Since the pencils are homographic, we have, as in Art. 17, 
Amm' + Bm + Cm' + D=0. 
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Eliminating m and m’, the locus of P is the conic 
Ay’ + By (2-0) + Cay + Du (w—c).=0, 
1.8, Dat + (B+ C) wy +Ay'-¢ (Du + By)=0......(1) 


which passes through 0 and 0’. 
The tangent at 0 is y=-Fa. But-2 is the value of m 


which corresponds to m’ = 0, i.¢, to 0'0. Hence the tangent 
at O corresponds to the ray 0’0, and the tangent at 0’ 
similarly corresponds to the ray 00’. 

If D=0, the conic breaks up into two straight lines, viz. 
Ay +(B+C)2—-Be=0, and y=0, the line joining the ver- 
tices of the pencil. In this case, when the intersection of 
corresponding rays is a straight line, the pencils are said to be 
in perspective, and the straight line is called the axis of 
perspective. When this is the case, i.e. when D=0, then m 
is zero when m’ is zero, Hence OO’ is the ray corresponding 
to 0’0, s0 that-the line joining the two vertices is a commo 
ray, i.¢. & ray corresponding to itself in the two pencils. 

Bx. 1, Two hom ranges are taken on the axes of < and y; 
Pingbr lgalgg the peony ey See 0, 1,3 from the origin 
correspond to three points on the second range distant 1, 4, 8 reapec- 
tively from the ori Rivow Gonk Gio: ganseal celadion Sernes: se 
distances of corresponding points from the o is 

ay — 222, + by, -6=0, 
that the equation to the axis of bomograpisy 1 1lz - 8y+8=0, and 
the equation to the conie enveloped by joining corresponding 
pointa is (112 ~ Sy +8)? + 126ry =0. 

(The student would do well to this by plotting out a number 
of C ietabaloaring to the syatem piory Herat the ecating lines. ] 


Bx. 2, dar ey ig pencils of rays have their vertices at the 
points (1, 3) and (2, 4). The rays Pating e=1, y=3s, 2-y+2=0 
of the first pencil correspond to the rays oi 9 ae z+y=6 of the 
seoond pencil. Shew that the ray y+32=6 first pencil oorre- 

to the ray z=3 of the second pencil, and that the equation to 
conic given by the intersection of corresponding rays of the 
penoils is 627+ xy +y?- 9dr - by +24=0. 

[Prove that the relation between m; and mg is 

My Mg — 2m + By +6=0.) 

= Consider what the theorem of this article becomes if 

AD=BC, : 
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Mz. 4. Show that the straight line IJ’, joining the vanishing points 
of tro thagan is pussitll ws KX’, We lies foltiog Yes pom eons 
sponding to the point of intersection of the two ranges. 


Coaxal Homographic Ranges, 


26, Let the axes of the two ranges in Art. 19 coincide, 
go that the two ranges of points are on the same straight 
line, and let the distances, x and 2’, be measured from the 
same origin 0. A point Z, looked upon as belonging to the 
first range, may now have itself as its corresponding point 
in the second range. This will be the case ches a=2', and 
then the fundamental relation 


Axa’ + Ba + Cal + D=O.ecccccccene (1) 
of Art. 19 becomes 
Ag? +(B+ C) a+ D=0 o....ccceveeeee(2), 


This equation gives, in general, two values for x, and 
hence two positions of #, viz. and F. 
The distance of the middle point of #F from 0 


ea a a (Ol 4 OF), 

Hence the middle point of the common, or self-corre- 
sponding, points coincides with the — of the two 
points which correspond to the points at infinity, i.e. of the 
two vanishing points. These self-corresponding points, £ 
and F, are often called the double points, 


27. If we transfer the origin to the point 0, midway 


between the double points, ie. if we write x- a and 





a= A for z and 2’, then (1) becomes 
i B-¢ r] B+CF 
daa’ + >" (a a’) D-EEY 9, 
ie, Aga! + B,(a—2')+D,=0. 
The distances of the double points #, F from O, are now 


+A, where yah, 
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Hence, if x,, z, are the distances from (, of two corre- 
sponding points P,, ?,, then 
A) (t-A) _ %%+A(z-2%)-1 
EP FP) 2 Mat (-4) amet a ae 
BPFP)= Yaa) (Xam) amt (=m) = 
_(Ah+ B,) (4 —m) _ B,+An _ B, + -AD, seonst, 
= (AX=B)(%-%) Bi- 4d B,-n/ =A, 

Hence the cross-ratio of the range formed by the double 
points of two coaral homographic ranges and any pair of 
corresponding points 1s constant. 

Bx. 1, If 0, be the middle point of IJ", penal enener 
to O,, the common points E, F are given b y 

0F=0,P=0,0'. 0,0. 

Bx, 3, Two coaral ranges have imaginary common points, and 0, 
nthe ral middle point of has imaginary points Kin point on the 
line through 0, perpendicular to the axis of the ranges; if 0, K be 
properly rere shew that each pair of corresponding points of the 
eee ie same angle at K, and hence the pencil subtended 
at K by can be rotated about X to fit on to the pencil aub- 
tended at IC by é other range. 


[ox=ay/ 2 =! i] 


Involution Ranges. 
28. We have seen that two homographic on the 
same line are given by an equation of the ies 
Aga! + Br + Ca! + D=0, 
Ba+D Ca + D 
so that a hectasly ore and x aay eb 
Take any point P whose distance from the origin is §. 
If P belongs to the first range of points, the distance of 
ita corresponding point 
_¢ --Ft+ 
Bengsha Oey 
If P is looked upon as belonging to the second range, the 
distance of its corresponding point 
Cé+D 
Ag+ B 
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In general these distances are different ; but they are the 


same if 
B§+D C§+D 
Aé+C Aé+ B’ 
waif = AP(B-C)+(B-C) é+(B-C)D=0. 

This is true for all values of ¢ if B=C; hence, if F=C, 
the corresponding point of every point P is the aame whether 
it is looked upon as retell to the first or the second 
ranges of points. 

Such a range of points is said to be in involution. 


29. The fundamental relation for points in involution is 





thus 
Aza! + B(x +a')+D=0, 
; BAD 
1.8, (e+) (#43 _——7* 
The origin being the point 0,, if we take O so that 
002-5, 

this relation gives = 

OP. OP == — 2° - constant =#* 


The point 0 is called the centre of the involution and 
P, P' are a pair of conjugate points or mates. 

If # is positive, so that P and P are on the same side 
of the centre O, there will be two points, X and X’, on 
opposite sides of O, such that OX*=OX"*=k*. These points, 
and KX’, are called the double points or foci of the involu- 
tion. 

If # is negative, these double points are imaginary, and 
corresponding pointa P, P’ are on opposite sides of the 
centre 0, 

Since OX'=OK'*= OP. OF", therefore, as in Art. 6, 
[KPK' P’) is harmonic, 


30. If a number of points are in involution, the cross- 
ratio of any four points 1s equal to that of their conjugates. 
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Let the four points be P, Q, R, § and their conjugates 

P’, Q', BR’, 8’ wo that, if O is the centre of the involution, 
OP. OP =09.0Q' =OR. OR = 08.08 =F. 

Therefore 

PORS’ 09 -OP OS'-OR 0Q OP 0S OR 

[POR S')]=or-09' 0P-0s "FFP F 





0Q-OP OS-OR .,,, 
“OR-0Q' OP —08 og = LPORS} 

31, If siz points are in involution, the cross-ratio of any 
four of the site points (provided they do not form two pairs 
of mates) ia equal to the cross-ratio of their four mates, 

Let the six points be P, Q, R, P’, Q, R, where 

OP. OP = 00. 0Q' = OR, OR =". 





Then 
eoOR OP = 
>, 0Q0-OP OP-OR OQ OP OP OR 
[PORP |= GR-09' OP- OP rr 
OR” 0% OP OP 


0Q'-OP OP-OR’ .., 
“ oR-0g' oF - op le RFI 
(This can be shewn to be true of any two sete of homo- 
graphic points only when B=(C, and this is the definition 
in Art. 28 of points in involution. ] 
32. In an involution range the mates, I and J’, of points 
at infinity coineid 
For Asx’ + B(a+2')+ D=0 (Art. 29). 
+ gp Bard al pane 
edema FED. ~~ ta + B 


Hence when w= , gux, giving J’, and when a =o, 








=—-—, giving I 


A 
Hence J and J’ coincide, 
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33, The four properties given in Arta. 28-32 have been 
taken by different writers as definitions of points in involu- 
tion. It is thus seen that the last three follow from the 
definition of Art, 28. 


34. The fundamental relation connecting pairs of corre- 
sponding points in involution (Art. 29) contains only two 


arbitrary constants, viz. ; and - They are thus deter- 


mined when two relations between them are given. 

This ia the case when two pairs of corresponding points 
are given. Thus.only two pairs of points are required to 
determine an involution, whilst three pairs were required to 
determine two homographic ranges. 

The constants aro also determined when the two double 
points are given; for a double point is such that it corre- 
sponds to iteelf (i.e, x and a’ are the same in this case) and 
is thus given by dz’ +2Ba+D=0, 

If both double points are given, i. if both roots of this 
equation are given, we have the two constants, 

These constants are also determined when the centre and 


one double point are given; for then, by Art, 29, <5 and 





Similarly it may be seen that the involution is determined 
when a pair of mates and the centre are given, or when a pair 
of mates and either double point is given. ° 

35, The relation given in Art. 29 for a range of points 
in involution holds similarly for pencil of lines in involu- 
tion, t.¢. for a pencil which is cut by o transversal in points 
which are in involution. 

For if a pencil of lines y = px, y =p'a, ete., in involution 
is cut by any straight line parallel to the axis of y, we 
have a range of points in involution whose distances from 
the axis of w are proportional to p, p’, ete, so that the 
relation between any pair of lines belonging to a pencil in 


involution is | 
App’ + B(p+p')+ Da0 wc ccsccseeees (1), 
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where y=pz and y=p'z are the equations to a pair of 
conjugate lines. 

The double rays, i¢, the rays to the double pointa of the 
involution range, are given by 

Ap*+2Bp + D=0. 

In the particular case where the axes of « and y are the 
double rays of the involution pencil, this equation is satisfied 
by p=0 and p=a. Hence both A and D are zero, and the 
fundamental relation (1) reduces to p +p’ =0. 

There is no ray in an involution pencil which can be called 
the central ray of the involution, and so no ray to correspond 
to the centre of an involution range. 

36. Involution Ranges are given by Coawal Circles, 

If we have a system of coaxal circles (ns in Part I, 
Page 168) and if from any point 0’ on the radical axis we 
draw a straight line to cut the circles whose centres are 
0,, 04, 0;, ... in the points P and P’, Qand Y, Rand #,..., 
we have OP, OP =00. OQ = OR. OF... =/4, where kis the 
length of the tangent from 0’ toany of thecirclesof the system, 

These pairs of points therefore form an involution range, 
and the double points are clearly the points where the axis 
of this range touches two of the circles of the coaxal system, 

If instead of any point 0’ on the radical axis we take the 
point of intersection, 0, of the radical axis and the line of 
centres as the axis of the range, we have an involution pencil 
the double pointa of which are the limiting points of the 
coaxal system of circles. With the figure of page 168 these 
double points are real; with that of page 167 these double 
points are imaginary. 

Conversely, if we wish to construct pairs of points be- 
longing to the involution determined by P, /’ and Q, Q as 
two pairs of mates, through P, P' and Q, Y draw any two 
suitable circles which intersect in two points U, V. Then 
the circle through U, V and any point & of the involution 
will pass through F’, the mate of R, and hence we can 
determine as many points as we wish, The double pointe 
are the points of contact of the axis PP’ QQ’ with the two 
circles through Vand V which touch it, and the centre of the 
involution is the point of intersection of UV with this axis. 
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37. In every involution pencil to shew that there ws one 
pair of conjugate rays at right angles, and, if there 1s more than 
one pair at right angles, then every pair of conjugate rays 1 
at right angles, 

With rectangular axes through the vertex of the pencil, 
let y=p2 and y=p,z be conjugate rays. Then 

App, + B(p + p,) + C=0......0sc000000(L), 

If there is » pair at right angles then pp, =—1, and (1) 

gives 4-C=B(p--), oo that the pair at right angles is 


given by Bp’+(C-A)p—B=0. 

If there is more than one pair at right angles this equation 
must be identically iatietol, 6 C=A mn B=0. In this 
cage the general relation (1) between the rays becomes 

PrA=-|, 
i.e, each pair of conjugate rays is at right angles, 

Such a pencil in which each pair of conjugate rays is at 
right angles is called an orthogonal involution pencil. 

Cor. The double rays of this orthogonal involution are 
abag by p'=-1, te by 2? +497=0, ao that the imaginary 

ines drawn to the circular points at infinity are the double 
raya of every orthogonal involution pencil, and conversely 
an involution pencil having the lines to the circular pointe 
at infinity as double lines is orthogonal. 

38. To shew that the centre of the involution determined by 
the points given by a, 2° + 2h,x + 6, =0 and a,a* + 2hyx+b,=0 
is the point whose abscissa 12 es le 
points are given by the equation 

a (hyd, — Aya,) — 2 (a,b, — ab.) + by - bgh, = 0. 
Let the relation connecting a pair of conjugate points be 
Awe, + B(x, +a) +C=0. 

Hence Ab, —2Bh, + Ca, = 0, 
and Ab,—2Bh, + Ca, = 0, 
and the double points are given by da*+2Bx+C =0, 
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Eliminating A, B, C, the double points are given by 
a (Ih, — hy) 2 (yb — ayb,) + byhy — by, = 0..-(1). 
Algo, the centre of the involution being midway between 
the double points, its abscissa = : ae ; 
Clearly the double points are imaginary when the roots 
of (1) are imaginary, but the centre is always real. 





39. To find the condition that the points given by 
@,2°+2hw+b,=0, aa + 2ha+b,=0 
and a,x" + 2h, + b, =0 shall form an involution range. 

Let the relation connecting pairs of pointa in the involu- 
tion range be Axa,’ + B (a, +a,')+ C=0. 

Since each of the above pairs of points satisfies this relation, 

.”, 4b, —2Bh, + Ca, =0, 
Ab, —2Bh,+Ca,=0, 
and Ab,—2Bh, + Ca, =9. 

Eliminating 4,3, and C’, we have as the required condition 
a, &, 4, 
Gy, ty, dy 
, hy, b, 
cot eaeatmateleees 
ey 
sii a0" + 2h,x +b, +A (aga? + Bhgx + b,) = 0, 
where A is a variable parameter. 

For clearly (1) is satished if 

Oy = 0,+Ad,, hy=h,+hy, and b, =b, + Ady. 
Cor. 2. Similarly a pencil of rays given by the equations 
0,0 + 2hay+by'=0, oat + 2hyry +b,y*=0 
a,2" + Ihyoy + by" =0 
is in involution if the condition (1) holds. 


= ts Ie | | 
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40. A system of conics passing through four fixed points 
is out by any transversal in a system of points which are in 
involution, 

Take the transversal as the axis of a, and let two conics 
through the four given points be 

S Sax! + 2hoy +by' + 2gx + fy +o =0, 
and «= Sf Sa'a* + Dh'ny + by + 2g'2 + Of'y+¢ =0. 

Then 9+A9'=0 denotes any other conic of the system, 
and is met by the transversal, y = 0, in points given by 

(ac + Ign +c)+A(a'a" + 2g'a+c')=9. 

Ry Art. 39, Cor. 1, this denotes a range of pairs of points 
which are in involution. 

Taking as particular cases the three pairs of atraight lines 
which can be drawn through the four points, we see that 
any transversal drawn across the quadrangle formed by the 
four pointe cuts the three pairs of opposite sides im six points 
which are in involution. 

41. The locus of the intersection of two tangents to a given conic, 
drawn from conjugate points of an involution, is a conic which passes 
through the double points of the involution and through the pointe of 
contaet of tangents drawn to the given conic from the double points of 
the involution. If the aris of the involution touches the given conic, 
then the locus is a straight line, 

Take the axis of the involution as the axis of z, and the centre of 
the involation as the origin, so that points of the in- 
yolution are given by 2; 2y=k?, and the double points are (+ k, 0). 

Any eonle ia aa8-+ Shay +-by?+ 29447 + ¢=0. The tangents to it 
drawn from (z',y’) meet the aria of z w 

(ax’3 + Dhar y' + by’? + 2px’ + Bfy’ +c) (ax? + 2gx +e) 

=[x(az' + hy’ +9) +(p2' +fy'+e)P. 
This is a quadratic for x, and the product of its roots is given to be k’. 
' y2_ (e099) #3 -2(fg—ch) ay’ + (bof) 9" 
a (ab-hijy2-2(gh-uf)y'+ca-g? 
Hence the loous of (z’ y’) is the conic 
(ca = 93) 28-2 (fg -ch) zy + (be - f*) y? | 
~ i [(ab— M8) y2-2 (gh—af)y +00 ~ 98) =0. 
This clearly passes throngh the double points (44,0). Also olearly 
the point of contact of a tangent from a double point to the gi 


conic must lie on the loous; for from two (coinciding) points we 
drawn tangents and their point of contact is their point of intersection. 
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If the axis of z touches the conic, then g!=ac, and the loans reduces 
to the straight line 

~ 2 (fg ch) 2+ (be -f) y - 1 [(ab- h4) y- 2 (ph-af)]=0, 
which passes through the point of the involution which is conjugate 
to the point of contact of the conic with the axis of the involution, 


EXAMPLES. 


1, If one pair Pacseggel gee of an involution is at distances a 
and a’ from a fixed origin, an SAS Sir a aernntne FS 
shew that the distance of the centre of the involution is aoe 
tnd that the constant ofthe involution ia A)“ EE“ —P 
[We have (a-) (a’ ~ 2) =(8 - 2) (f’ - =) =A.) 


9, If 4 and 4’ area given pair of mates in an involution, and P 
and /” any other pair of mates, shew that the ratio of AP. AP to 
A’P, A’P’ is constant, and equal to the ratio of the distances of 4 and 
A’ from the centre of the involution. 


3. Bhew that the harmonic conjugates of a variable point with 
regard ce given pairs of an involution of points have a constant 
OF0s8-Ta 






4, Bhew that three pairs of points which are harmonic conjugates 
of a given pair of palate fares A scsol in involution. 


§, If A, 4’ aod B, B’ are two pairs of conjugate points of an in- 
volation, and (, (’ are the common harmonic conjugates of 4, B and 
4’, 3’, shew that they are a pair of conjugate points of the involution. 


6, If 4 and 4), B and B,, O and U are point pairs in involution, 
aa algo 4’ and 4;, B’ and B,, 0 and U, then prove that 4 and B’, 
4' and B, 0 and U are point pairs in involution. 


7, The double points of the three involutions determined from any 
six collinear points by the pairs SC’ and B’C, C4’ and (’ A, and AB’ 
and 4' 8 are themselves in involution. 


8, Given four collinear points, shew that they determine three in- 
yolutions, Shew also that the double points of any one of these 
involutions are harmonic conjugates with respect to the double 
pointe of any other, 

9, Uf ABA’ B’ ise harmonic range, and L, M are the harmonic oon- 
jugates of » point P with respect to 4 and 4’, B and 2B’, prove that 
L, M are a pair of conjugate points of the involution determined by 
4and 4’, Band 2’ 

10, The points P, Q, R in which a straight line meets the sides of 
a triangle ABC, and the points P’, 0’, A’ in which it meets the lines 
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joining any int 0 to the corresponding angular points of the trlangie 
harm ¢ sues to frvelelian, 03 henes 

PQ .QR’.RP=-P'Q.Q'R. FP. 
[Use Art. 40.) 


re 
0 ar on 

any given line forms range in involution, whose double points aang 

intersection of the straight line and the conic. | 

[Take the given straight line as the axis of z, and the conio aa given 
y eee eee Then the polar of (z,, 0) passes through 
(xq, 0) if azyzy+g (x, +2y)+¢=0. Henoe, eto.) 

12, Shew that of conjugate lines with st to a conic (i.¢. 
gen oe tae vah ot cate bon on Os car wo through any 

ven point form a pencil in involution, whose double rays are the 
tangents to the conic from the given point. 

[Take the given point as origin, and y=pz, y =p’z asa pair of con- 
jugate lines, By Part I, Art. 876, the pole ZY) soghred $e ry 
is given by az’ +hy'+g=—p(he’+by'+/) and gx +fy'+e=0. If this 

lies on -p'z=0, we havealso -p'z'=0. Henea, on eliminating 
ies) we ve (be -— 7%) fed a Ag “ap gs bot a 
nes always form s pencil in involution. Clearly the double lines are 
the tangents from the point.) 


18, Conjugate diameters of a conic form an involution pencil whose 
double lines are the aaymptotes. from the preceding, or prove 
independently from Part I, Art. 876.) 

14, Shew that the en sof a chord of agiven conic, whose ends 
lie on corresponding rays of » pencil in involution, is » conic touching 
the double rays of the involution, and also touching the tangents 
drawn to the given conic at the points where the double rays meet it. 

If the given conic the vertex of the involution pencil, 
PR os ater reed egg 2 

(Take the vertex of the; cil as origin, and the axes as the double 
rays of the pencil, (Art. 55.)] 

15, The loons of the intersection of tangents to a conic drawn from 

ing points of two homographic ranges on the same straight 
line is a curve of the fourth degree, which redoces to a conic having 
double contact with the given conic if the axis of the ranges touches 
the given eonio, 

16. The envelope of a straight line, such that its intersections with 
a given conic are harmonic conjugates with respect to its intersections 
with a pai of given lines, is a conic which touches the pair of lines. 
[Take the given lines as the axes of and y.] 


CHAPTER II 
TRILINEAR AND AREAL COORDINATES. 
THE STRAIGHT LINE 


42. In the following chapter we shall introduce a new 
system of coordinates, which has been foreshadowed in the 
notation of Part I, Arta. 409, 410, 





Tet ABC be a fixed triangle known as the “triangle of 

rence,” 

From any point P in its plane draw straight lines PL, 
PM, and PY perpendicular respectively to BC, CA, and AB. 
These three distances PL, PM, and PJ are called o, 8, and 
y, and are known as the trilinear coordinates of P. 

Any such coordinate, a, is positive if P and the vertex 4 
_of the triangle are on the same side of BC, and is negative 

if P and A are on opposite sides of BC. So for the other 
coordinates. Thus in the figure P has all its coordinates 
positive; for P,, its a is negative and its 8 and y are posi- 
tive; whilst, for ?,, its a and # are both negative, whilst 
its y is positive. So for any other position of the point P. 

43, Whatever be the postion of the point P, if a,b and c 
are the lengths of the sides BC, CA and AB, and if & be the 
area of the triangle, then aa + 6B + cy = 2A. 


Li MH] 
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If P be within the triangle, then 
aa+b8+cy=PLx BC+PMxCA+PN x AB 
=24 PBC +24 PCA+24 PAB=2A ABC =24. 
If P be outside the triangle 4 BC but within the area formed 
by AB, AC as at P,, then a is negative, sd that 
aa=- 3A P, BC, 
and hence for this point ; 

aa+ bB+cy=-2AP,BC+2A0P,CA+20P, AB=2A, 
as before. If P have a position such as P,, where both a 
and § are negative, then 

da+bB+cy=-2AP,BC—-2AP,CA+2A4P,AB=24. 
Similarly any other point can be considered. Hence, if P be 
any point within a finite distance of the triangle of reference, 
we have this important relation always true. 

44. By its use we can always make any equation in tri- 
linear coordinates take a homogeneous form. For example, 
suppose we had an equation . 

la* + my’ + 2naB + qa+7rh + sy+K=0......(1), 
where /, m, 1, 9, 7, 8, X are all constants. Since = sth 
is always unity, we can multiply any terms we please in 
equation (1) by this quantity, or any akg of it, without 
altering the equation, Multiply the the terms of the 
first degree in (1) by this quantity, and the constant terms 
by ite square, and we have 





(ta* + my* + 2naf) + (ga + r8 + ey) “ahs iad 


+K (aa =0, 





i.e. 
4A} (la? + my* + 2naB) + 24 (ga + rf + ey) (aa + 6B + cy) 

+ K (aa + 6B + cy)? =0, 
which is a homogeneous equation of the second degree in 
a, 8, and y. 

In trilinear equations we almost invariably confine our- 
selves to homogeneous equations, or to equations which we 
have made homogeneous by the method of this article. 
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45. Since our equations are homogeneous, if they are 
satisfied by the coordinates of any point they are clearly 
satisfied by any (the same) multiple of these coordinates. 
Hence we can speak of any quantities, which are proportional 
to the actual distances of a pointfrom thesidesof the triangle, 
as the coordinates of the point. Thus it is easy to shew that 
the actual distances of the ortho-centre from the sides are 
2.Acos B cos C, 2RcosC cos A and 2K cos A cos 8. We speak 
of this point as (cos B cos (’, cus 0 cos A, cos A cos J) or again 

as (sec A, sec A, sec (’). 

If the coordinates of a Ep are given as proportional 
to a’, f’, y', we can easily get the corresponding actual 
numerical coordinates, a,, . . For 

= By _ oe ele “a 
ek y aa’ + bp’ +cy’ ee 
so that the actual coordinates are — x JA, and 
aa ite 
two similar expressions. 

Bx. Verify that the coordinates of the foll points of the 
triangle of reference may be taken as the values stated; 

In-centre; (1,1, 1); 

Ex-centre opposite 4; (-1, 1, 1); 

Ciroum-oentre ; (008 A, cos B, cos C); 

Centroid ; (sin B sin C, ain U ain A, ein A gin B): 

Ortho-centre; (coe B cos C, cos C cos A, oo A cos B) ; 

59 (9 centre ; [cos (#-C), eos(C- A), con (d - B)]. 

. Relation between Trilinear and Cartesian Coordinates. 
kine the he O of rectangular Cartesian Coordinates 
within the triangle ABC, let the equations to the sides BC, 
CA, AB of the triangle of reference be 
xc0s w,+ysinw,—p,=0, cosa, +y sin w,—p, = 0, 
ie @ C08 wy + y Bin w, —p, = 0, 

Taking the case when w, <w,< w,, we easily see that 

wy-a=7—-A, wo —w=n—B, 


and w, — 0 = Ie —(r-Char+C, 
and hence that 

£08 (w,—a,)=-cos A, cos (w,- «,)=—cos B, 
and 008 (w, — w,) =— cos C. 


$9 
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The perpendicular a upon BC’ has the same sign as the per- 
pendicular from the origin 0, since, the latter is within the 
triangle. Hence we have 

a= Pp, — 2.008 w, — y BIN w, 
and so also B =p, — 2 cos w,—y sin w,, 
and =P, 2008 w, — y sin w,. 

47. By these relations any equation in Trilinear co- 
ordinates may be transferred to one in Rectangular Car- 
tesians. 

It follows that Any trilinear equation of the firat degres 
represents a straight line and any equation of the second 


degree represents a conic section. 
For the most general equation of the first degree is 
la+ mB + my sO... ceeceeceeens (1), 


where J, m, n are constants. On making the substitutions 
of the previous article, this equation becomes 
a (f cos w, +m CO8 w, + 7 COS w,) 

+y (lain w, + m sin w, +” 8iD w,) = lp, + mp, + Np,, 
which always represents a straight line. 

Also, since (1) has two independent constants : and =, 
they can be chosen so that the equation is satisfied by the 
coordinates of any two points, and hence the equation will 
represent any straight line. 

Again, the most general equation of the second degree is 

La* + MB? + Ny + 2PBy + 2Qya+ 2HaB =0 ...(2). 
On wuking the substitutions of the previous article, wu 
obtain the general equation of the second degree in Cartesian 
coordinates ; hence (2) always representa a conic section. 

Also, since (2) has five independent constants, they can 
be chosen so that the conic passes through any five points, in 
general, and hence (2) will represent any conic section. 

48. To find the distance between any two points whose 
trilinear coordinates are given. 

Let P, be the point (a,, 8,, y,) and P, the point (a,, A,, ya). 


DISTANCE BETWEEN TWO POINTS sy 


Through P, draw P,L and P,M parallel to AB and BC 
to meet BC and BA in L and M, and take BC and AA as 
oblique axes in Cartesian coordinates, so that 

BL=-x,, and LP,=y,. 
Then 
a,=P, LsinP, LC =y,8in B, and y,=P,M sin P, MA=a,8in 8. 
Similarly a,=y, sin B, and y, = 2, sin B, 
where (z,, y,) are the coordinates of P,. | 

By Part I, Art. 20, we have 

P, P3 = (a, — ,)"+ (ys — ya) + 2 (&% —%) (yr - ya) 008 2. 

‘ P,P}. sin® B= (a, — a,)*+ (4-2) 

+2 (a, = 05) (y= 2) 008 B «..-(I) 
We can express this in two forms, both symmetrical in 
a,—4a,, B,- By, and y,—y:- 
For, by Art. 43, 
aa, + 6B, + cy, = 24 = aa, + 68, + cy, 
£5 (a; = a) + 6(y)— yn) =— 6 (By ~ Bs) -----(2)- 
Hence, by squaring, we have 
Qaac (a, — a4) (74 — ys) = 5" (By — By)? — @* (ay — 94)*— 0" (Ys ~- Y2)" 
Hence (1) gives 
P,P}. ac ein" B = ae (a, —0,)* + ac (y, — y4)* + 6’ cos B(B, - B,) 
— a’ cos B (a, —a,)*—c cos By, — ys) 
__=aboos A (a, -a,)' + 6 c08 B (8, — B,)* + be cos C (y, — y2)* 
aPy DY e, 
_ sin d cos A (a,—a,)*+s8in B cos B(8,— B,)'+sin Coos C'(y,—y,)" 
7 sin A sin Bsin C . 
ef 

Again, on multiplying (2) successively by (a,—.,) and 
by (y,— ya), We have 

a (a, — a)" = —B (a, — a) (B, — B,)—¢ (7, ~y2) (a ~ a2), 
and ¢(y,~ Ys)’ =~ 5 (B:~ Ba) (y= yx) — 4 (yr — yo) (1 - a). 
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Substituting in (1), we have 
P,P} .acsin® B = —be (a, — a,) (8, — B;) — ¢* (y,— ys) (a, — 04) 
— ab (B, ~ B:) (11 — ya) —@ (y, — yo) (a — a4) 
+2 (1 —y2) (2-4). ac cos B 
= —be (a, —a,) (8, - B,) — ab (8, - B,) (n-y:) 
— By; — y) (a, - a4). 
(B, ~B,) (yi- ys) 8in A + (y,— ys) (a,—a,) ain B 
P Pin. +(a,- ay) (8; — B,) sin C) 
tay sin Asin Bain € 


Kither (3) or (4) gives the required distance, 
49. By equation (1) of the last article, the square of the 
distance of any point (a,, B,, ”) from the point B of the 
a," + y,"+ 2a,y, cos B 
triangle of reference is Sa aa Da R - Hence the 
equation to the circle, whose centre is 2 and whose radius 
is 7, is 


a’ + y'+ Jay cos B =r" si as 





(aa +8 + cy) 


+ (aa + bB + ey)? 

Again, the equation to the parabola, whose focus is B one 
whose directrix is the we side ('A, is 

a + 7° + Jay cos B B 
sin? B aa 

50. Areaof thetriangle whoseangular pointsare(a,, B,,+y,), 
(a,, Bs, Yo) and (a,, Bs Ys). 

Referred to the sides BC, BA of the triangle of reference 
as axes, let the coordinates of these points be (a,, y,), (72, 4), 
and (x, (pe meoe ar 48, a,=y, sin # and y,=2, sin B, 
and so for the others, 

If A, be the required area, then, by Part I, Art. 26, 

By Vis l : Yu 24 
Mn |= on aintg| te oe 7): 
'%a, Yay Ys, %, 20 


24, 
sin B 
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Multiply the first column by ¢, the second by a, and subtract 
their sum from the third column, and we have 

















, Yu Gy 5B, | Yrs Oy B, 
nT) Se Ol= Ga ig|t oH Pe 
Yo Gy bp; Yor Gy B; 
a, By 
= 542 |% Bs, yo|) giving the required area. 
yy Bs, Ys) 





51, Equation to the straight line joining tle two points 
(a, B;, y,) and (ay, By, 75). 
Let the required equation be 
lat MB + my =O veces cove one(l). 
Since it passes through the given pointa, 
la, + mB, +ny,=0 wc yecenshahy 
and la, + mB, + ny,=0 papabvakeanaiedenps 
Solving (2) and (3), we have 
es. ee 
Biyr- Bayi Y%~Y2% Ba 098,’ 
and the required equation is 
a (8 y2— Bays) + B(y19a- 2%) + ¥ (Bs - a8) = 0. 
Or, on eliminating /, m, n from (1), (2) and (3), the equation 
may be written in the form 
\% B+) 
a, By n 
a, By Ya 
52. Cestien hes yes gies ei” eis Bie Fi Nees eH) 
and (a4, By, y;) may lie on a straight line 
The straight line Ja + mB +ny=0 passes through the 


three points if 
la, + mB, + ny, = 0, 


la, + mB, + ny, = 0 
and la, + mB, + ny, = 9, 


=0, 
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Eliminating |, m, n from these equations, we have 
a, fy 
| ay, Bry \s 
a, By Vs 
which is the required condition. 
53. Coordinates of the point of intersection of the two 
straight lines whose equations are la+mBh+ny=0 and 
Fa+m'B+n'y=0, 
Both equations are satisfied at their point of intersection 
(a’, 8’, y'). Hence, solving them, we have 
Re OEE Nee? 
mn'=m'n 


= 0, 








———— 


al'—n'l Im'-I'm 
Fs yh a eee 
~ a(mn’—m'n) +b (nl —n'l)+e(lm'—Em) ~ 
as in Art, 43. 

These coordinates are infinite, t.e. the two straight lines 
are parallel, if the denominator of the right-hand member 
of (1) is zero, ¢.¢. if 

a(mn' —m'n) +b (nl - nl) +¢(lm'-I'm) =0. 
54. To find the condition that two straight lines may be 


Let the equations of the lines be 
ln + mB + ny =0 and l'a+ m'B+n'y=0, 
On making the substitutions of Art. 46, the Cartesian 
equations of the straight lines are 
a (1 COB w, + mM COB wy + 7 COB as) 
+y (lain w, +m sin w,+n sin w,) — (Ip, + mp, + np,)=0, 
and 
a (U' cos w, +m’ cos «, + 7 COS w,) 
+y (I'sin w, +’ sin w, +2’ gin w,) — ( I'p, + m'p, + n'p,) = 0. 
By Part I, Art. 69, these are perpendicular if 
(1. cO8 w, + 7 COS wy + 1 COS w,) (P COS w, + 17 COS ty + 12’ COB 04) 
+ (laine, + main w, + nginw,) (2'sin os, +m’ sin w+ sin ws) = 0, 
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te. if 
It + mm! + nn’ + (mn' + 1'n) 008 (wm, — w,) + 

(nl! +n‘) cos (uw, — 0) + (lm + U'm) cos (w, — w,) = 9, 
ie, by Art. 46, if 
1’ +mm’ + nn’ — (mn’ + m‘n) cosA ~ (nl’ +n’) cos B 

— (Im’ + I’m) cos C = 0. 
Cor. The equation 

aa’ + 0B" + ey! + 2/By + 2gya+ DhaB = 0, 

when it represents straight linea, is equivalent to 
(la+mB +ny) (la+mB+n'y)=9, 





so that 
Wo mm’ onn’omn'+m'n_al'+nl lm'+tm 
ee Walia ° emia "eae OM 


and hence the straight lines are at right angles if 
a+b +c -2fcos A —2g con B- 2h cos C =0. 
55. The angle @ between the two lines of the previous 
article may be obtained, For by Part I, Art. 66, we have 
A,B, - A,B, 
a0 Fd BB 
In the case of the two lines of the previous articles the 
numerator 
= (I cos w, + m’ cos w, +n’ cos w,) (isin w, + m sin w, + n BiN w,) 
— (2008 w, + m 006 w, +74 008 w,) (2’ sin w, +m sin w+’ sin w) 
=(m‘n — mn’) sin (w,; — w,) + (n't — nl’) gin (w — uy) 

+ (I'm Im’) sin (w, = 0) 
=(m'n— mn’) sin A +(n'l —nl') sin B + (fm —Im') sin €, 
since, by Art. 46, 

ti, — uy =e — A, w, -w,=7-B, and o-oo = T+ C. 
Also the denominator is as in the last article. Hence 
(m'n—mn') sin A + (n't— nl’) sin B + (U'm—tm') sin C 
{" +mm' +nn'—(mn'+m'n)cos A —(nl' +n'l)cos B 

~ (in' +.1'm) 008 C 


tan @= 
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The two liues are parallel if @=0, so that the numerator 
of the right-hand side is zero. 
Thus the two lines are parallel if 
a (mn! —m'n) + b (nl —n'l) +c (im’ — I'm) = 0. 


56. Intercepts of a straight line on the sides of the triangle 
of reference, 

Let the straight line, whose equation is 

fa + mB + Wy =O ..secseceerseenes (1), 

meet the sides BC, CA, AB in the points P, Q, 2. The 
coordinates of P are 0, CP sin C, and #P sin 2 so that they 
are proportional to 0, c(a—=), and bx, where a= BP. 

Hence (1) gives 

me (a—) + nba = 0, 


If aaa, no: that the exyustion of the given: line 
becomes aa + 58 +cy=0, all three of the above quantities 
are infinite, i.e. the given straight line meets each of the 
sides of the triangle of reference at an infinite distance from 
A, B and C respectively. This straight line is known as the 
Line at ty. 

In Part I, Art. 386, we have shewn that the equation to 
the line at infinity in Cartesian coordinates is 

0.2+0.y+C=0 
or, more shortly, C= 0, 

In Art. 43 we have shewn that for all points at a finite 
distance from the triangle of reference we always have the 
relation 

aa +bB + cy =a const. 
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In the case of trilinears the equation to the line at infinity 
thus reduces to (’=0 also. 

The relation aa +8 +cy=0 is satistied by quantities 
which are proportional to the coordinates of any infinitely 
distant point. 

57. Condition that two straight lines may be parallel, 


Let the two straight lines be 
fa + mB + Ry HO on reccreeseseneee (1), 
and Vat mB + my =O ceccersecccecseeee (2). 


In Part I, Art, 386, we have seen that parallel straight 
lines meet on the line at infinity. Hence these two straight 
lines meet on 

Gat bB+ ey =O cerccccseceeseeee(). 

Eliminating a, 8, y from (1), (2), (3), we have 

Lim, 

e m, n’ | = () 

a, b, ¢| 
as the condition of parallelism. This has been obtained 
before in Arts, 53 and 55, 

Cor. The equation of the straight line at infinity, 
aa+bB+cy=0, satisfies the conditions, of this article and 
of Art. 54, for being both parallel to and perpendicular to 
any straight line a+m@+ny=0. The explanation is that 
the direction of the straight line at infinity is quite in- 
definite, 

58. Straight lines which pass through a given point 
(a’, B’, y') and are respectively (1) parallel to, and (2) perpen- 

| to, the straight line la + mB + ny = 0. 

(1) Any straight line which is parallel to the given 
atraight line 0 through its intersection with the line at 
infinity and hence, as in Part I, Art. 82, has as its equation 

la + mB + my +A (aa + bB + cy) = 0. 

If, in addition, it passes through the given point, then 

la’ + mp + my’ + A(aa’ +b + cy’) =9. 
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Hence, on elimination of , the required equation is 
foodie dadot 
la'+ mB’ +ny'— aa’ + bB' + cy" 

(2) Let the required line be 


Da + MB + Ny =0.....ccceccceee (1). 
Since it passes through the given point, 
La’ + MB + Ny =0 0... cece (2). 


Since it is perpendicular to the given line, we have 
L (l—m cos C —n cos B) + Af (m—n cos A - 1 cos C’) | 
+ N(n—-lcos B-mcos A) = 0......(3). 
Solving for £, M, V from (2) and (3) and substituting 
in (1); or, what is the same thing, eliminating 1, Mf, V from 
(1), (2) and (3), we have as the equation to the required 
perpendicular 
a, B, Y 
a’, B Y =0. 
[-moosC-neoaB, m-noosd-leosC, n—eos B—meosA | 


89. Perpendicular distance of a given point (a, f’, 7’) 
Srom a given straight line la + 8 + ny = 0. 

When transformed to Cartesian Coordinates, asin Art, 46, 
the equation of the line becomes 
a (1.008 w, +m cok w+ n C08 w,) + y (J sin a, + m Bin w, + 7 BIN wy) 

| — (Ip, + mp, + mp,) = 0. 

The perpendicular distance of any point (2’, y’) from this 
line is obtained (Part I, Art, 75) by substituting 2’, y’ for 
«, y in this equation and dividing the result by the square 
root of the sum of the squares of the coefficients of a and y 
in the equation. 

The numerator when rewritten 

=U (2! con w, + y' 8in w, — p,) + m (a’ C08 wy + 4’ BIN wy — pp) 

+n (2 cos w, + y' sin w, —p,) 
= (a' + mB’ + ny. 
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The quantity under the equare root of the denominator 
= (1.008 w, + m 008 w, +n cos w,)" 
+ ([sin w, +m sin w+ Bin w,)* 
= [+ m* +n? + 2mn cos (a, — «,) 
+ 2nl cos (w, — w,) + 2/m cos (w, — w,) 
=P +m? +n?- 2mn cos d — 2nl cos B — 2m cos C 
(by Art. 46). 
Hence the required perpendicular 
= la’ + mf ‘$ny’ 
+m! +n! — mn cosA— an) cosB—aimcosO 


60. Bx. 1, Shew that for any triangle ABC the following sete of 
lines are concurrent : 


(1) the bisectors of the angles; 
£ the lines joining the vertices to the middle points of the opposite 
rT 


Bes the perpendiculars from the angular points upon the opposite 


EA Sia inaialat ols in viis ne and D, and L the pointa 
on BC where the bisector of the angle A and the perpendioular from A 
upon BC meet BC. 


If a straight line pass through 4 ite equation must be of the form 
# constant, [For if the general equation la+mf4ny=0 is satisfied 
the coordinates of A, where 8 and y are both zero, we must have 
1=0, and henoe the equation becomes . ~~ =const.] 
(1) The equation to AD, is 
F const. =the value of E for any point on AD, 
Dd sin < 


=the value for D = 7 
DA sins 


The equation to 4D), is thus §-y=0, and those for the corresponding 
i ase BE,, OF are 7-e=0 nd «-6=0 These all meet at the point 


(2) The equation to AD ia 
F =oonst. =the value of © at the point D= 


=i, 





CDsind _c 
BDain Bb" 
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Hence the equation to AD is b8-cy=0, and similarly those for the 
ing lines BE, CF are cy-aa=0 and aa-bS=0, These 
all meet where aa=b8=cy. 
(8) The equation to AL is 


B coma = Coe? _ Doe Cain G _ one 
+ ™BLsin B cooseBain Boos B’ 


Hence the equation to AL and the two corresponding lines are 
Boos H-+ycos C=0; yooaC-aoosd=0; and acos d-foos B=0, 
These meet where acos d= cos B= 00a C, i.e. at the point 
(cos Boos C, coe Ccoa 4, oo8 A cos B), 

Bx. 2. Find the equation to the circle described upon the side BC 
of the triangle of reference aa diameter, 

oo Ne eed ease ale a-py=0, and one through C is 
a~gp=0, 

These are at right angles if, by Art. 54, 

1- pq cos A+p cos B +9 cos C=0, 
Eliminating p and g, we have at their point of intersection 
By +a [8 coe B+ 008 (- a cos 4)=0, 

which ia the equation required, 

Bx, 8. be the lengths of the culars drawn 
ees cuir po of the pti of Srotiarésot any socignt tine, 
3 . , 

a? p? + bg? + cir? - Ihe gr oos A -— Jearp cos B - 9abpq cos C=4A?, 
where A is the area of the triangle, and that the length of the perpen- 
dicular from @ point (ag, Ao, yy) upon the line is 
Paog+ gh By+rey 
—— 
Let (a +mi+ny=0 be the equation to the straight line. 


Then since the point 4 of the triangle of reference is (= 0,0) we 
have, by Art. 59, 


with 





with similar expressions for g and r, 
“Opt +... +... = Dbegroos A ~...—...= 48 
Also the perpendicular from (a9, Ay, ‘yo) 
SRP. ic, ce, ee a 
{f+ m+n? - mn eos A - In] con B 2m cos C 


_ 8p % + bg Bo +eryy 


a4 
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meetings by (i), [:m:n:: pa:gb: rc, the equation to the 
paat+qbf+rey=0, 


Ds. 4. P, Q, R are points on the sides BC, CA, AB of a triangle 
ABC such that BP.CQ.AR=PC.QA.RB; shew that AP, BQ and 
CR are concurrent. (Ceva's Theorem.) 


If BP.O .AR= "ay Q4.RB, prove that P, Q, R are collinear. 


AR 
Let poh aane and 55>" oo that, in the first case, \u»=1. 


The equation to AP ia 
6 perpendicular from Pon CA PC sinC 
. ~ perpendicular from Pon 4B BPainB’ 
ie. Mib=ye; so the equations of BQ and CR are =a and 
vaa=6d ; on multiplying the equations together, we see ak (ay ent 
satiafied by common values of a, 8, y if yw=1, which is given. 


In the second case, \wr=-1. Here, for the point P, 


gee a nel Bo @ is the point (uc, 0, a) and R is 
0, «, MD 
: Be, 0, |=0 
b, va, 0 
ie. if \uwobe+abe=0, ie. if kr = -1, which is given, 
0 and meet BC, C4 and 4B respectively in P, Q and Ry QR and BC 
Sern anaes a es BAP eae 
[ARBR'] are harmonic, pi ; 
Let the equation of AP be m§ - ny=0, let that of BQ be ny -la=0. 
These equations are clearly satiafied by the point whose coordinates 





are jae :): which is therefore the point 0. Henoe the equation 
to CR in la- mg=0. 
The point Q is given by ny- pee e 
PS tat h 
and the point R by la-mp=0 oF o 
OS ~—o (2), 


~ Asin Part I, Art. 82, any straight line through Q is given by 
ny ~la+ip=0, 
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and this passes through R if 
an ie. if Kom. 
i =m 
Hence the equation of QRis  -la+mf+ny=0 Ps 
Hanes P’ ie given by this apd a=0 Pree BO ho 


So Q' isgiven by  la-mp+ny=0 
fe pars os Pern te (4), 
and R’ is given by la+mp —ny=0 
and <a ; 
Any straight line through P’ is then given by 
-la+mp+ny+pa=0, 
and this passes through Q' il 
bor at ie. if w=M. 
Hence the equation of P’Q’ is la+mfB+ny=0. 
eens ean ener tere ere ee Q' and RF’ are 


For the equation of 4P’ we want an equation which is derived from 
equations (3) by adding some multiple of one of them to some multiple 
of the other; since AP’ passes through 4 we also want an equation 
which does not contain a, Hence the required equation is obtained 
by multiplying the second of equations ) by | and adding it to the 
first, i.c, the equation of AP is mS +ny=0, Also rhe spree te 
mg - ny =0 and by Art, 5, or as will be seen in Art. 61, the straight lines 

y=0, mi-ny=0, 2=0 and m§+ny=0 
form # harmonio pencil, i.c. arcr | is a harmonic range. §8o also 
by symmetry [CQ4Q’] and [A4RBR’) are harmonio ranges. 

The above example has been written out at full length; but in 
practice the work is mach shorter. Thus from (1) and (2) the student 
would see on inspection that -le+mf+ny=0 was satisfied both by 
equations (1) and by equations (2) and hence ia the equation he wants 
for the line QR. 

Similarly for the equation of P’Q’, since it is derivable from (3) and (4), 

In working with trilinear coordinates attention must be given to 
considerations of symmetry, ¢.g. in the previous question the equation 
of RP was easily obtained from that of QR by a cyclical change of 
a, 8, 7 into A, 7, @ and of |, m, n into m, n, | 


Bx. 6. Inthe question shew that the lines 40, BQ’ and CR’ 
meet in a point U, the lines BO, CR’ and AP’ in a point | , and the 
lines CO, AP’ and BQ’ in a point W’, and hence given the line PQ’ R’ 
determine the point 0, 

The equations to 40, BQ’, OR' are mB-ny=0, wy+la=0 and 
Io+mpB=0. These clearly meet in the point (-mn, nl, Im). Bo for the 
other sets of three lines, 
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Given P’, Q’, R’, let BQ’ and CR’ give U, CR' and AP’ give V, and 
AP’ and BQ give W. Then AU, BY and CW give the point 0. 

The line PQ F’ is called the polar of the point 0 with to 
the triangle, and the point 0 is called the pole of the line P’ Q’ 2’. 

Bx. 7. If two triangles ABC, A’B'C' are such that the lines Ad’, 
BB’, CC’ meet in a point O, then the nts of intersection of the corre- 
sponding rides, viz. BC and B’C’, CA and C’A', AB and A’B’, lie on a 
straight line. 

Take ABC as triangle of reference and let the point O be (/, g, A). 
Then the point 4 lies on the straight line & =, and henoo its co- 
ordinates may be taken to be a’, g, A. ie B ioe ee Uf and 
C’ ia (f, 9, 7’). Henee the equation to the atraiglt line is thus 

a (By - gh) +Af (hy) + vf (9 - 8) =0. 

Its intersection, D, with BC is thos given by 

wish fg ot 
| a Cane tiny 0. 

Similarly for the other two intersections. They all clearly lie on the 

straight line 
2 B Y 

ates 5=0, 

f-a*g-Bk-7 
The two triangles ABC, 4'B'C’ when they satisfy the condition of the 
question are said to be in perspective. The point 0 is called the 
centre of perspective or homology, and the straight line on which 
the intersections lie is called the axis of perspective or homology. 

The above theorem is often expressed in the form copolar triangles 
are also coaxial. Their pole is the centre of perspective and their 
axis the axis of perspective. 

More generally any figure of points P, Q, K, 8,... is said to be in 
perspective a figure P’, Q’, RB’, 5’, ... if the straight lines 
PP’, QQ’, RR’, SS’, .,, all meet in a point, the centre of perspective, 


EXAMPLES. 

1, Shew that the coordinates of the centroid of o triangle whose 
angular points are (a1, Bay ti) (a3, Bas Yah and (qs, Bs» Ya) are 
a) +ag+ ay Ai+ Bat Ps oad nitty 

oa: i ys 
9, Shew that the lines 
aa? + A+ y= 0 and acos A +fo08 H+ 7008 Cm 

are parallel, 

3, Shew that the equation to the straight line joining the in-centre 
and circam-centre of the triangle of reference ABC is 

a (cos B - cos C)+ 8 (cos 0 - cos A) + (cos A - cos B)=0, 
Lu 4 
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that any point on it is Linisee f m+noos B,m+ncos C), and that 
it is perpendioular to the straight line 
at+f+y=0. 

4, Show that the equation of the straight line through the cireum- 

—_ centroid, nine-point centre, and ortho-centre of a triangle 
C is 

asin 24 sin (B-C)+ Asin 2B ain (C - 4) ++ sin 2C sin (4 - B)=0, 
and that it is perpendicular to the straight line 

acos A +Seos B+ycoaC=0. 

Shew also that the former of these atraight lines passea through the 
four corresponding points for the er eae by joining the 
middle points of the sides of the triangle 4B 

5 Bhew that the equations of the sito line joining the vertex 4 

of reference to the ciroum-centre, centroid, nine-point 
= and ortho-centre are respectively 
Boos C-+~ cos B=0, Bain B-yain C=0, 
Boos (4-B)-+ycos(C-A)=0, and Boos B-+0os C=0, 
and prove that they form a harmonic pencil. 

6, Shew that the intersectiona of any aide of a triangle with the 
external bisector of the opposite angle are collinear, and that their 
intersections with the tangents to the ciroum-cirele at the opposite 
angles are collinear also, 

7, Shew that the equation to the straight line which passes through 
dua (a’, BY, 7), and is perpendicular to the side BC of the tri- 


ia #& 
| a, P v> 
|-1, 0080, cosB 


8, Shew that the perpendiculars to the sides of a triangle through 
the middle points are concurrent. 


9, Shew that the straight lines, which are parallel to the side BC 

of the triangle of reference and are twice as far from A as it is, are 
2aa+b8+ey=0 and 2a0+8)8+%ey=0. 

10, Shew that the straight line §=py is inclined to the side AB at 
i ii sale tv ty 

1], If three straight lines through the vertioas of a triangle are 
concurrent, shew that the three lines equally inalined with them to the 
bisectors are concurrent also, 

[For 8-py=0 and y-pf=0 are corresponding lines. } 

In the particular case where the first three lines are the medians, 


the second three lines are called the symmedians and their point of 
concurrence the symmedian point whose coordinates are (a, b, ¢). 
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12, If the straight lines mB meet in a point O and the 


straight lines an a Eat in @ point 0’, prove that the siz angles 


b c¢ a 
O4AB, OBC, OCA, O'AC, O'BA, O' CEB are all equal to the same angle w, 
and that cot wa=cot A + cot 8 +0o0t C. 


O and O’ are known as the Brocard points of the triangle ABC, 
Rl pipaaghdiesadbss angle, } es - ; 

61. Cross-Ratios. The propositions of the preceding 
Chapter hold for trilinear coordinates just as for Cartesiana, 

Suppose that we have a pencil of four straight lines, 
passing through the point A of the triangle of reference, 
whose equations are, 7 

B=p,y B=pay, B= psy and B=pyy. 

Let them be cut by a straight line parallel to the side 
AB in the points P,, P,, P,, P, and let the straight line 
meet AC in 0), 

These points all have the same value for y; hence the 
values of § for the points P,, P,, P;, P, are proportional to 
Psy Pas Psy Ps Od hence the values of OP,, OP,, OP,, OP, 
are proportional tO Py, Poy Ps, Pa 

.", the cross-ratio of the pencil = (P, P, P, P,) 

(Pi—Pi) (Ps Ps) __ 
= Art, 4. 
(p-P)(m-P)’ 

Just as in Art, 5 it follows that the straight lines 8 = 0, 
B=p,y, y=, and B=p,y form a pencil whose cross-ratio 
is ne and that the four lines = 0, B=p,y, y=0, B=-p,y 
form a harmonic pencil. 

Also, as in Art, 9, the straight lines 

ap? + 2hBy + by=0 and a’? + 2h'By + b'y'=0 
are harmonically conjugate if 
ab' + ab = 2Ad’. 
62. The cross-ratio of a pencil of four concurrent straight 
lines whose equations are 
hatmB+my=0,  ha+mB+ny=0, 
la+m,8 +n,y=0, and la+m,B+n,y=0,. 
4—9 
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being equal to that of the four points in which these straight 
lines meet the side BC of the triangle of reference, i.¢, a= 0, 
is equal to the cross-ratio of the four straight lines 

m,B +m y=, m, 8 + nyy =0, 

mB +ny=0, and mB +n,y=0, 
which join A to these four points of intersection. 


63. If P=la+m,B+n,y=0 and Q=ha+m,B8+n,y=0, 
the cross-ratio of the four straight lines given by 


P+,Q=0, P+40= nee and P+,Q =0 
= 1) = =) 


For let X and Y be the perpendieulars from any point 
upon the two straight lines ? = (0 and @ = 0, 0 that 


la + m, B + hy 


= wm 





a 





1? +m) +n, 2 2m,n, cos A — 2n, f, con B— 2, m, cos C' 


P 
=@, (y) 
_@ 
and Y= C, . 
The equations to the four given straight lines are thns 
CY. _AC,Y. 
X= _% ) X ra } 
eae C, 


and then, as in Art, 61, the cross-ratio is as stated, 


Cor, These straight lines will form a harmonic pencil if 
(Ay + Ag) (Ag + Ay) = 2AyAg + 2Agd,. 


64. Complete Quadrangles and Quadrilaterals. 


Let P, Q, # and § be four points forming a quadrangle, 
Let PR and QS meet in A, PS and QR in B, and PQ and 
RS in C, 80 that A, B, C are the vertices of the quadrangle. 


Take ABC as the triangle of reference, 
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Let the coordinates of § be f, g, A so that the equations 
of BS and CS are respectively 


atid 





By Art. 15, BQ, BA, BS and BC form a harmonic pencil, 
so that the equation of BR is (Art. 61) 


7h aeebeebneseenapeeenpe (3). 


By the same article C[PASB] is harmonic, so that the 
equation of CP is 


P is the puint of intersection of (1) and (4), so that its 
coordinates are proportional to f/—g,/. @ similarly has - 
coordinates given by i (4) proportional to +f, - y, - 
and, from (2) ee (3), the coordinates of 2 are sta 
tof 9- 

Bx. In addition to the equations found in the previous article, shew 
that the following lines have the equations set against them; 


0, RP, ee {=0; 0,80, 6 E720; 


wae =0; 015, sD 
ae B 2a to 
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65. Let PQ, QR, RS,and SPbe four straight lines forming 
a quadrilateral. Let PQ and HS meet in 0,, and PS and 
QR in O,. If the diagonals P/?, QS, and 0,0, meet as in 
oe 

e formed by the diagonals 
of the suslaas Gatelie ane 
Take ABC as the triangle of 
reference. 

Let the equation to PQ be 
la+mB+ny=0, so that 0, 
is given by this and a=0. 
Hence the equation of 0, is 
mB + ny = 0, 





Now the pencil A [0,C0, 3) 

is harmonic (Art. 15), Hence the equation of AQ, is 
mB — ny = 9. 
Hence Pi the point etme pat 
: _. mB -ny=0 

ae Oa the poet wee? 

.. the equation to PS is la + mB — ny =0. 
So Q iv the point “@* "4 ™17 Ot 
Heuce the equation to QO,, 2. QR, is la—mB + ny =U. 
Filly Rithepint™  * gs of 
and ‘is the puint i gi i ot 


Hence the equatiun to RY is — la + mB + my = 0. 

The equations to the four straight Lines forming the sides 
of the quadrilateral are therefore, when referred to the 
triangle formed by the three diagonals as the triangle of 
reference, of the form 

la + mB + ny = 0. 
Also the coordinates of the four polmts which are the 
angular points of the quadrangle are also, when referred 
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to the triangle formed by the three vertices as the triangle 
of reference, of the form 


tf, +9, th. 

It must be carefully noted that the triangle of reference is 
different in the two cases; the words in thick print may 
assist the memory; it will be noted that lines go with lines, 
and points with points. 

Mx. In addition to the equations found in the previous article, shew 
that the following lines have equations as set against them 

CP, la+m§=0; CR, la-mf=0, 
BQ, la+nmy=0; BS, la-ny=0. 

66. Bx. Shew that the middle points of the diagonals of a quadri- 
lateral Lia on a straight line, 

Using the notation and figure of the last article let U, F, W be the 
middle points of the diagonals 0,0,, QS, and PR. 

Since W is the middie point of PR it, with the point in which PR 
meets the line at infinity, divides PR harmonically. Hence CW and 
the line through (’ pa to AB divide CP and ¢ R harmonically, 

The line through ( parallel to 4B is aa +b8=0, 

Also R being the point 

la-ma+ny=0 
72" 
the equation of CR is la-mf=0. So that of CP is la4mg=0. Hence 
if the equation of CW is a-§=0, the four straight lines 
la+mf=0, a-)8=0, la-mps=0, and aa+dh=0 
are a harmonic pencil. 
Henoe, by Art. 68, Cor., . 


mn? 
Oe - a “4s 
a and the equation to C}V is Fat ™ p=0, 
Wis given by = + 8=0 and y=0. 


: mi onl 
Bo U is given by — B+ —7=0 and a=0, Bo for V. 
All three points lie on the straight line 
2 ow we 
Fu kr Wale 
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Areal Coordinates. 


67. Another system of coordinates, which is often used, 
is one in which, instead of having the position of the point 
P (Art. 42) given by the iculars on the sides of a 
fundamental tri we determine it by the ratios that the 
areas of the triangles PBC, PCA and PAB bear to the area 
of the triangle ABC. We shall denote these coordinates by 
the quantities x, y, x 80 that 

- ee See ee 
APBC APCA APAB AABC’ 
Now APBC =} aa, ete., 60 that | 


Bb 3 wid 8 
; 24 24’ 
where A is the area of the triangle ABC. Olearly we always 


have 
e+y+2=l, 


Any homogeneous equation in a, 8, y can be at once trans- 
ferred to the corresponding areal equation by substituting 
=, a - for a, 8, y respectively, and conversely. 

68, The work of the previous chapter to a great extent 
is true for both trilinear and areal coordinates, and need not 
be repeated. Subjoined are the formulae and results which 
are different in areal coordinates rom what they are in tri- 
linear coordinates. They can be obtained independently or 
by substitution from the corresponding trilinear formulae, 


When areal coordinates are implied we shall always use 
x, y, # a8 the coordinates, and px + gy + rz = 0 as the standard 
form of the equation to a straight line, 

I. The fundamental relation between the areal coordinates 


of any point is , 
a+yte=l, 


and the equation to the line at infinity is 
a+y+a=0. [Arts 43 und 56,] 
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Il, The area of a triangle whose vertices are (x,, y,, 2), 
(2s Yar 4) and (2, Ys, 2) 18 
‘fy Yu * 
AX) my Yo 4]. [ Art. 50.] 
(er Yar 2 | 
III. The straight lines px +gy+rz=0, p'u+q'y+rsz=0 
are perpendicular if 


a'pp' + b'gq' + err’ — be (gr + q'r) cos. A 
—ca (rp' + r'p) cos B— ab (pq' + p'q) cos C = 0, 


and they are parallel if 
Pe ®& fT: 
‘p,q 1!) =0. [Arts 54 and 57) 
1, l, ] 





_ TV. The eo ogra distance of a given point (2’, y’, 2’) 
from the straight line px + gy + rz =0 is [Art. 59] 
pd +gy + re) x 20 | 
a*p* + bg? + cr = 2begr cos A = 2carp cos H — 2abpg cos C 
Since the areal coordinates of the angular points A, B, C of 
the triangle of reference are (1, 0, 0), (0, 1, 0) and (0, 0, 1), 
it follows that the perpendiculars from these angular points 
on the straight line are proportional to p, g, 7, Also that, 
if p,,q;) 7, are the actual perpendiculars from these angular 
points, the perpendicular from any point (2, y,) 2,) 18 
Pik + Yo + Ti29 


69. Juct as the coordinates in trilinear coordinates are 
transformed into the corresponding areal coordinates by 
putting a=, p=, and y=" a0 the constants in the tri- 
linear equation of a straight line are transformed into the 
corresponding constants in the areal equation by putting 
l=pa, m=qb, and n=re. 
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1, Shew that the equation 
b ¢ ¢ @ a b 
a = ie os ie Ws! fait tee _f 
a +oey+ (245) fy+ (£4 =) 904 (5 +3) a8 =0 
gives only one finite line, 

2. Find the equation to the third pair of straight lines which con- 
necta paira of points given as the intersections of a?=(mf +ny)* and 
f2=(my+ na)’, 

3, In the qoestion of Art. 60, Ex. 6, if the point 0 moves on a 
fixed straight line, shew that its polar line P’Q’R’ touches a conic 
inseribed in the triangle 4 BC. 

Bhew also that #Q’, CR’, and AP meet in o point O,, such that 
(40PO,) ia harmonic, 

4, In areal coordinates shew that the straight lines 

zein’d +y sin? B+e sin? 0=0 
aod zcos' d +y cos’ B +2 coe? C=0 
are both perpendioular to the line joining the centroid and ortho-centre 
of the triangle of reference. 

6, The vertices of a triangle move on three ooncurrent lines and two 
of the sides pass each through a fixed point, Shew that the third side 
passes through a fixed point collinear with the two given fixed points, 

6, The vertices of a triangle move slong three fized lines and two 
of the sides pass through two fixed points; find the envelope of the 
third side, 

7, A variable line gree through a fixed point; find the loous of 
the point on it which forma o constant crose-ratio with the three 
points in which it cuts the triangle of reference. 

8. ABC is o triangle and P, Q, R any points on the sides BC, CA 
and 4B; QR and BC meet in D, RP ond Cd in E, and PQ and 4B 
in F. If DF and BQ meet in G, and DF and CR in H, shew that EG 
and FH meet on BC at a point P’, euch that (BPCP") is harmonio. 

9, Ifa triangle ABC is circumscribed to the he POR ao that 
BC, CA, AB pass through the points P, 0, R tively, shew that 
en infinite number of triangles can be drawn which are Inscribed in 
the triangle PQR and also are ciroumsoribed to the triangle ABC. 

[Draw any line through 4 to meet PQ, PR in N and M and let BN 
meet QR in L; prove that LAf passes through C.] 

10, The odiculare from the vertices A, B,C of one triangle upon 
the sides B c’, C'A', 4'B' of o coplanar triangle are conourrent, Shew 
that the perpendiculars from A', B’, C’ on the sides BC, CA, AB 
respectively are also concurrent. 

1], ABC is o triangle; 4D, BE, and CF are the perpendiculars 
upon the opposite aides; EF meets BC in L. Show that, if O is the 
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ortho-centre, OL is perpendicular to the line from 4 to the middle 
point of BC, 

19. Points D, Z, and F are taken on the sides of a triangle ABC 
such that AD, BE, and CF are concurrent and L, M, N are the middle 
points of EF, FD and DE respectively. Bhew that AL, BM, and CN 
meet in s point. 

[Let the equations to AD, BE, CF be 8-py=0, y-ga=0 and 
a-r§=0, so that pgr=1, and the equation to EF is ga- qr -y=0. 
Now (Art. 6), since L is the middle point of EP, AL and the line 
through 4 parallel to EF form a harmonic pencil with 4B, AC. Also 
the equation to this parallel line is easily seen to be 

gf (b+ar) ++ (a+¢eq)=0. 
Hence (Art, 61) the equation to AL is 


b+ar)=y¥ (a +c). 
So for BM, CN ete. gS (b+ ar) = (a+cq) 


7 oNadeanele: se ball can ilelager der rc heide jorvocet 
ing. sekgpragy gery ppeeheeheomed ay triangle of reference 
ABC AD, BE, and CF are concurrent. 


14. = rr le PQR is circumscribed to triangle 4BC and is in 
perspective wit! es that the lines joining A to the vertices of 
the triangle PQA are harmonic conjugates to AB and AC. 

15, If parallels to a=0, 8=0 be drawn through the intersections of 

la+mB+ny=0 and 'a+m'p+n'y=0, 
shew that the four lines will form « harmonic pencil if 
8 (lm’ + Fm) + Qabsn’ = be (al’ +n'l) +c (mn' + m'n), 
16, Shew that the cross-ratio of the four straight lines 
AS+my=0, AyA+py=0, AStmyy=0 and d)8+4,7=0 


: . 10-7 J) 
r (ino) =a 

17, Shew that the locus of a point which moves go that the straight 
lines drawn from it to four given non-collinear points form a 
of given oroas-ralio i4 a conic passing through the four given points, 

[Take the four points as (+/, 4g, A).] 

18, Shew that in a complete quadrangle the three sides of the 
harmonic triangle are met by the sides of the quadrangle io six pointe, 
other than the vertices of harmonic triangle, which lie by threes 
on four straight lines, and hence that these six points are the vertices 
of a complete quadrilateral whose diagonal triangle is that formed by 
the vertioes of the quadrangle, 

19, Each angle of the triangle formed by the diagonals of a completa 

oie sateral is joined to the anda of the diagonal which does not pasa 
taiecag ies pec a dims hens ais lines pasa, three by three, through 
four points, 


CHAPTER III 


TRILINEAR COORDINATES. 
EQUATIONS OF THE SECOND DEGREE 


70. We shall take as the general equation the form 
aa’ + 68" + cy? + 2/By + 2gya + 2haB = 0, 
and shall often write it in the form ¢ (a, 8, y)=9. 

This form has the great advantage of agreeing with the 
general equation in Cpteslan coertoaiee, for, a putting 
y=1 and replacing a, Bs by @, y this’ equation becomes the 
standard Cartesian equation, 

waa has one disadvantage; the quantities a, 6, ¢ of this 

uation may be mistaken for the lengths a, b, ¢ of 
taps of reference, Whenever there is any possibility 
of nitake the sides of the triangle of reference will be 
denoted by the symbols a,, b,, cp. 


71. To find the equatiun to the tangent at any yiven 
point (a, By’) of the conie 
(a, B, y) = aa? + bf" + cy’ + 2/By + 2yya + BhaB =0. 
As in Part I, Art. 373, the equation to the line joining 
the points (a’, fy ) and (a”, 8", y) lying on the curve is 
a(a-«) (a-«")+b(B-B) (8-B")+e(y-7) (y-7') 
+ 3f(B-B)(y-y') + 2g (y-7) (a- 0") + 2h (aa!) (B-B’) 
=$ (2, By). 
For it is satisfied by the values a=a’, B=, y=y' and also 
by the values a=a', B=8", y=y'; sie) the tom at the 
second degree cancel on each side and hence the equation 
represents a straight line, Hence it is the required straight 
line, 
‘Let now the point (a”, p ¥ ") move up to and ultimately 
coincide with the point (a', 8’, y), and then the straight Jine 
becomes the tangent at (a, B, y). 
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On putting a”=0', "=f, and y"=7' the equation be 
comes, since (a, f’, y') = 0, 

aaa’ +bAB'+ ovy'+f(Ay' + Bry) 

+6 (ya +y'a) +h (28+ a'f) =0. 

This may be written in either of the forms 
a (aa’ + AB’ + gy’) +B (ha’ + b8' + fy’) + y (ga’ + JB + cy’) = 0, 
or a (aa+hB+gy) +B (ha+bB+fy)+y' (ga+fB +ey)=0, 
or again, in the notation of the Differential Calculus, it may 
be expressed as 


dp 2,46 do 
age Pag tygsn® 
ate eee 


da dp 
72. To find the condition that the straight line 
fe PMB + =D oo cccssrevesceaeel) 
may touch the conic 

aa? +b + oy + UY By + Igya + ThaB=0......(2), 

The equation to the straight lines joining the angular 
point A of the triangle of reference to the intersections of the 
straight line and conic are given by eliminating a between 
the two equations, and hence it is 
a (mB + my) + 1 (6B + oy! +9/By) -20(7y+48) (mB + ny) =0, 
te. B*[am' + bl -2hlm] + 2By [amn +P - gim—hin] 

+7‘ lan’ +o" = gin} =0......(3). 

For, being derived from the equationa of the straight line 
and conic, it is satisfied wherever they are, i.¢. at their points 
of intersection ; also it is satistied at the point A, and breaks 
into two linear factors, real or imaginary, and is therefore 
two straight lines, 

If the given line is a tangent, the two lines given by (3) 
coincide, and (3) is a perfect square. This is the case if 
(amn +f? —gim —hin)' =(am"+ bP - 2him) (an* + cP —2gin), 
i.e. if 
P (be — f*) + m* (ca —g*) +n? (ab — h*) + mn (gh—-af) 

+ Onl (Af - bg) + 2!m( fg -ch)=0......(4), 


i 
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i.e. if 
Al! + Bm! + Cn! + 2Pmn + 2Gnl + 2Him =0...(5), 
where A, B, C,.F,G and H are the co-factors of a, 6, ¢, /, 9 
and Aj in the determinant 
a, h, g 
h, 6 f 
nf ¢ 
The equation (4) or (5) is called the Tangential Equa- 
tion of the Conic whose Point Equation is (2), It may 
be written in the form 
a, h g, ! 
kb fm 
nh % 
Lm on 0 
This form may also be obtained directly. For if 
la+ mB + ny = 0 
is the equation to the tangent at the point (a’, f’, y’), then, 
comparing it with the equation to the tangent in the previous 
article, we have 
'+hB+gy ha'+bh +f ga’ +¢y' 
= sh 2 AO a “Y — d (say), 
, aa +hf +gy - N=, 
ha'+bB +fy'-Am=0, 
ga +fB' + cy’ —dn =9. 
Also la'+mB'+ny = = 0. 
Eliminating a’, f’, y', and A from these equations we 
have (6). 
Some particular cases of the tangential equation are as follows: 
Cireum-conic, L8y+Mya+Naf=0; Tangential Equation 
L2R+ Mint + Nin? - 2M Nmn -INLnl - 2LMim=0, 
ive. t+ [Mint ./Nn=0. 
In-conic, »/La+ JMB +./Ny=0; Lmn+Mni + Nim =0. 
Belf-conjugate conic La? + Mf*+Ny*=0; Feet hao. 
Conic By - kat=0; f-4kmn=0. 


A= 
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73. It is easily seen that the Point-Equation of the cunic 
is obtained from the Tangential or Line-Equation of the 
conic in precisely the same way as the Tungential Equation 
is obtained from the Point-Equation. 


For, starting with equation (5) of the previous Article, 


we have 
BO - P*=(ca-g")(ab— I) —(gh- af 

=a [abe + 2fgh — af*— bg*—ch"|= ad 
Similarly CA —G? = 6A, and AB- H*= ed. 
Also 
GH - AF = (hf bg) (fy oh) -(be-/*) (gh-af) 

=f [abe + 2/gh —af*—bg*- ch* |=/A. 
Similarly HP - BG =gA, and FG -CH=haA. 
Thus, if to the coefficients of (5) we app PPly the same process 


by which the coefficients of (4) are derived from those of (2), 
we arrive at (2). 


This may be verified independently by finding, as in 
Part I, Arh 437, the envelope of (1) under condition (5). 


For, eliminating /, we have 
m*[ Af" + Ba’ - 2HoB) + 2mn [ABy + Fo?— Gof — Hye] 
+n*[ Ay + Ca* ~ 2Gya] = 0, 
the envelope of which is 
(ABy + Fat ~Ga8 — Hya)? 
= (AB* + Ba®— 2Haf)) (Ay + Ca*- 26a), 
1.8, 


a® (BC — ¥*)+...+...+2(@H-AF) By+...+...=0...(6), 
i.e, by the relations proved above, 
da® + bB* + cy* + 2/By + 2gya + 2haB =0, 
which is (2). 
Clearly the coetficients in equation (6) are derived from 


those in (5) by the same process by which the coefficients in 
equation (4) are from those in (1). 
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7%. Condition that the conic may be a parabola. 

If the conic be a parabola it touches the line at infinity 
a,a+b,8+cy=0. Hence a,, },, ¢, must satisfy the tan- 
gential equation of Art. 72, 1.¢. 

Aa! + Bb! + Co’ + 2F'b,c, + 2G¢,a, + 2Ha,b, = 90, 


or 
(bo— fA att. toe +2 (gh-af) bot... + 0 =O. 

The condition that the conic may be an ellipse or a hyper- 
bola may be found by finding its intersections with the line 
at infinity, and introducing the condition that they may be 
both imaginary or both real. On substituting «,, b,, ¢, for 
1, m, n in equation (3) of Art. 72, we should find that the 
conic is an ellipse or hyperbola according as 

Aa? + Bb? + Co,? + IF bse) + 2¢,a, + 2Ha,b, 

ia positive or negative. 


75. Polar of a given point. 

Just as in Part J, Art. 375, it could now be shewn that 
the polar of a point (a’, 8’, y') with respect to ¢ (a, 8, y)=0 
is 


a (aa’ + hf’ + gy’) +B (ha’ + bB + fy’) + y (ga +/B + slr 
i.e, the polar of the point (a’, 6’, y') is of the same tees 
the tangent at the point (a’, A’, y’) when the latter is on the 
curve, 


This may be written either as 
adi 
0 See Bap tr gyno 


‘ dp dp Par dp 
a 7 + p ap? dy = 0, 

The polar of (a', A’, y') will therefore pass through the 
point (a”, 8", y"), te. these two points will be conjugate, if 
a’, 8’, y'" satisfies equation (1), 1.¢. if 
aa'a’ + bB’B" 4. cy'y" +f (B'y' + B’y') + g(ya" +y"a 

+h (a8 +0"ft)=0. 
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76. Pole of a given line. 
If the given line be 
ba + mB tmy =O -recsececeeereene(l); 
then, if ita pole be (a’, f, 7’), this equation must be the same 
as (1) in the previous article, 
Hence, for some value of A, we have 
aa’ +h’ + gy =2, 
ha’ + 6B’ +fy' =m, 
and ga +fB +cy' =n. 
If A, B, C etc. be defined as in Art, 72, we thus have 
a B y d 
Ai+Hm+On Hit Bm+ Fn Gl+Fm+Cn A’ 
Hence the pole of (1) is 
(Al + Hm+ Gn, Hl+ Bm+ Fn, Gl+ Fm+ Cn). 
This lies on the straight line 
atm’ B+ my HO oicscessevenceveen(Q), 
i.e. the lines (1) and (2) are conjugate, if : 
I’ (Al+ Hm + @n)+m' (Hl+ Bm+ Fn) +n (Gl+ Fm + Cn)=0, 
i.e. if 
All + Bm! + Cnn’ + F (ma! + m'n) + G (nl' + nl) 
+H (lm' + 'm)=0. 
77. To shew that the diameter of the conte 
¢ (a, B, y) = aa" + bf? +cy' + 2/By + 2gya + 2haB = 0, 
which bisects chords parallel to the line la+mB + ny =0, v2 
4b (mo nb) + Hn ~to)+5° (-—ma)=0 
The diameter required is the one which is conjugate to 
the A dies chords, and is therefore the polar of the point in 
which the given lines meet the line at infinity. This point 
is given by the intersection with aa + b8 + cy=0 of the given 
line, and is (me—mnb, na —lo, lb — ma). The polar of this 
point (by Art. 75) is 
(me — nb) (aa + hB + gy) + (na -lc) (ha + 6B + fy) 
+ (lb -ma) (ga +fB + cy) =0. 
5 


Lo 
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78. Coordinates of the centre of the conic. 


Let (a,, 8,, y,) be the centre, Then its polar is the line 
at infinity, pe therefore is 


a, + 8 +cy=0, 
where a, 6,, ¢, are the sides of the triangle of reference, 
Comparing this with equation (1) of Art. 75, we have 
eon = th suit ton, ..(1), 


equations = give the ii eka. 
Aliter. The centre is tho pole of the line 
a,0 + b8 + ogy =0. 
Hence, as in Art, 76, ita coordinates are 
(da, + Hb, + Ge, Ho, + Bb, + Fe, Ga, + Kb, + Ce). 
Or these coordinates can be obtained by solving equations (1). 
Particular Cases, 


Circum-conie, Lpy + Mya+Nos=0; 
centre, 
[L (Mbp + Neg— Lag), M (Neq+Lag-Mbo), N (Lay + Mby—Neq)). 
In-conie, J/Ta+ Jip + /Ny=0; 
cantre, [Meg+Nby, Nay+Leq, . Lby+ Mag]. 
Belf-conjagate conic, La’+Ms*+Ny=0; 
dy by 
Conic, By-kat=0; 
cantre, (-@y, 2key, Ikby). 


79. Equation to the tangents from a given point. 
Just as in Part I, Art. 389, the equation to the pair of 
tangents from (a’, f’, y’) to the conic (a, B, ns is 

: # (9, B, 7) x(a, By y= UP ssreersesnne(I), 
where 


& = a(aa' + AB’ + gy’) + B(ha’ + bB + fy’) + y (ga' + fp’ + cy’). 
On simplification, this equation becomes, with the notation 
of Art. 72, 
a®(CA%+ By? —2F By’) + +... 
+ 2By[- Fa" - Ap’y' + Hy'a' + Ga'B’) +... +... =0. 
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Director Circle. By Art, 54, Cor., WeSC eH 
are at right angles if 
(CB + By? —2F By’) +... + 0 
+2[ Fa? + Ap’y' — Hy'a' — Ga'B’) 008 A+... +... =0. 
Hence the locus of (a’, f’, y’'), i.e. the Director Circle, is 
a"([B+C +2FcosAl+...+... 
+ 2By [A cos A - F-G 008 U — H cos B] +... +... =0...(2). 
Cireum-conic, Lpy + Mya+ Nop=0; 
director circle, 
a! (M?+N3—-2MN cos 4) +...+.-- 
+28y(L(L 008 4 +M cos B+N cos C)+MN)+...+...=0, 


In-conie, JLa+./MB+./Ny=0; 
director circle, 
L cos d4e?+.,,. +... -Py[L+M cos C+N cos B)-...-...=0, 

Belf-conjugate conic, La'+Mfi+Nyi=0; 

director circle, 

L(M+N)a!+...+.. erie Bye vse =O. 

Conio, fy-kat=0 

director circle, 


~ 4k co Aa? + 61+ 2+ 98y (2k +008 4) + dkya cos C+ 4kaB cos B=. 


80. Condition that the conic may be a rectangular hyper- 
bola. 
On changing the general equation to Cartesian Coordinates, 
as in Art. 46, the coefficients of #* and y* are respectively 
a 008? w, + b 008" w, + ¢ 008" w, + 2/008 wa, C08 w, 
+ 2g cos «, 008 w, + 2A C08 w, C08 «s,, 
and 
asin’ w, + bain’ w, +c sin’ w, + 2/sin w, sin w, 
+ 2g sin w, sin w, + 2h sin w, sin w,. 
Hence, 7 Part I, Art, 358, it represents a rectangular 
hyperbola i 
a+b +c +4 2fcos (a, —,) + 2g cos (w, — w,) + 24.c08(w,—w,) = 0, 
or, by Art. 46, if 
a+b+c-2fcos A — 2g cos B- 2h cos C =0. 
ia 
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81. Condition that the general equation may represent two 
straight lines. 
Just asin Part I, Art, 116, the equation breaks up into 
linear factors, and therefore represents two straight lines, if 
abe + Ifgh—af*— bg'—ch* =0. 


82. Equation to the asymptotes of the general conic. 

The asymptotes are the tangents drawn from the centre 
to the conic, and are therefore given by the first equation of 
Art. 79, where (a’, B, 7’) are given by 

aa’ + HB + gy _ he’ + OB + fy _ gel + JB Hey) 
ee: Cy 


and hence 
a’ B E y A 

Aa,+Hb,+ Gc, Ha,+Bb,+ Fo, Ga,+ Fb,+Cc, B’ 
with the notation of Art. 72, 

Then 

o (a, By y)=a .aA4 Bf. bAt+y . GA 
= [ay (d+ Hy + Ge) +, (Ha, + Bb, + Fey 

; +0, (Ga, + Fb, + Ce,)] 

= ; (da, + Bb3 + Co," +2F b,c, + 2Gc,a, + 2Ha,b,|. 


u=a[aA] +B[b,A]+y[eA] =A[a,a + 6,8 + cy]. 
Hence equation (1) of Art, 79 becomes 
¢ (a, B, y)[Aa,*+ Bb,* + Co, + 27, c, + 26c,a, + 2Ha,b,] 
=A (a,a+b,B8+¢,y)", 
which is therefore the required equation of the asymptotes. 


83, Equation to the cirole circumscribing the triangle of 
Let P be any point (a’, f’, y') so situated that A’ is nega- 
tive and a’, 7’ both positive, Draw PL, PM, and PN per- 
pendicular to BC, ('A, AB respectively, ao that 2 MPN = A, 
.NPL=2-8, and c LPM =C. 
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The areas of the triangles MPN, NPL, LPM are then 
respectively 
1PM. PNosin A, }PN. Plein B, and PL. PMsin@, 
ie —2P'y'sin A, bya'sin B, and —ja'f' sin. 
'. OIMN=A PMN +S PML-APNL 
=—1(f'y sin A+ya'sin B+<'f' sin C]. 
|The same result will be found to be true for the magnitude 
of the area of the triangle for all positions of P._| 
If the point P lies on the circumcircle of the triangle 
ABC, el ag L, M, N of the perpendiculars lie on a atraight 
line, viz. the Pedal or Simson line of P, and hence the area 
of the triangle L.MN is zero. 
Hence, in this case, 
By sin A+ye' sin B+a'f' sin C=0, 
i.¢., the equation to the circumcircle is 
Bysin A + yasin B+ aBsin C =0, 
or a, By + b,ya + ¢,a8 = 0. 
As in Art. 72 the tangential equation of the circumcircle 
is easily seen to be 
nla, + mb, + V/no, = 0. 
84. We have seen, in Part I, Arts. 387 and 388, that, if 
S = 0 be the equation to any circle, the equation to any other 
circle is of the form § =A,u, where w is of the first degree, 
and that the equation to any concentric circle is of the 
form § =p,, where », is a constant, 

Using Art, 44, in order to make the equations homo- 
geneous, we see that the equation to any circle whatever is 
S = (la + mB + ny) (aa + b,8 + cyy), 

and that the equation to any concentric circle is 

S=p(a,a + 6,8 + cy)’, 
where J, m, n and are any constants whatever, and J = 0 
is the equation to any circle. 
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85. To find the condition that the general equation of 

the second degree 
$ (a, B, y) 3 aa* + bf? + cy* + 2/By + 2gya + haf = 0...(1) 
may represent a circle. 

Taking 9 = 0 as the circum-circle, we see that the equation 
to any circle is of the form 

a, By + byya + ¢a8 = (la + mp + ny) (aya + by B + cy). 

Comparing this with equation (1), we have 
i een, 
la, mb, meq mc,+nb,—a, may + le, ~ by 

pee all Ke ) 
“bt ma-q 
The required condition is therefore 
be,” + cb,’ 276, ¢, = ca,” + ac.’ — 2gc,a, = ab," + bay! — Shab, 
for each of these quantities is equal to a,b, c,d. 
86. The equation to any circle being 
ay + bya + ca = (la +mB + ny) (aa + bB +ey), 
‘ 
to shew that 1= 0, m=2, and n= 2, where t,, t,, t are 
ti onathe af he tengo dice os ee B,C 
of the triangle of reference to the circle, and a, b, ¢ are the 
lengthe of the sides of the triangle of reference, 

Let the circle meet the side BC of the triangle of reference 
in the points 4, and A,. Then these points are given, on 
putting a = 0 in ‘the equation to the circle, by 

mb? + (me + nb-a) By +ney'=0.........(1), 
If « be the distance of the point 4, from J, then 
B _ACsinC (a-z).¢ 
y ~ BA, sin B~ eh 





Hence (1) gives 
mbe! (a — 2)’ + (me + nb — a) bex (a— x) + nb*ex* =0, 
ie, a — x (me — nb +a] + mea =0. 


The roota of this quadratic are BA, and BA,; hence 
mea = product of the roots = BA,. BA, =¢;. 
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So for the others. 
4 t2 
tee, m=", and n=, 


Cor. The radical axis of this circle and the circum-irele 
of the triangle of reference is 


Batt pss y 


87. From the preceding article we can easily write down 
the equations to some important circles. 
In-cirole. Here ¢,=s—a, t,=8—4, and é,=4-<. 
Hence its equation is 
ay + bya + caB 


a* (s—a)'a"+.., +... + bey [(s—b)*+(s-c)’-a"]+... +... =0. 
Now 
(s—b)*+(s—c)* +2 (s—b)(¢—c)=(¢-b+8—cf =a. 
Hence this equation is 

a*(s—a)¥a' +b? (a—b)* fP-+ c (s—c)* y*— 2be (a—b) (8c) By 

— %¢a (#—c) (#— a) ya—2ab (s—a) (sb) af = 0, 


is. Ja(e=a)a+ Vb (6-8) 8 + Ve(e—c)y y=0, 


+ y/oom4s a/ Boost ; + a/ ye0etS 20, 


The tangential equation, by Art. 72, is found to be 
A B al 
Escribed-circle opposite to A. Here 
h=8, =e—c, and t,=8—), 
Hence its equation is 


sith le E a+ en 8 = se 7 |[an+ 8B +e), 
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4.6. 
a*g'a*+b"(e—c)? B'+c" (6 — b)* y+ By [(8—b)* + (#- c)*—a*] be 

+ ya[(#—6)' + 2-0") ca + a8 ((8—c)'+ 8° = c*] ab =0, 
i.¢., a8 before, 
a*s'a® + b* (a — c)* B* + c? (¢ —b)* 7° — 2be (8 — b) (e—c) By 

+ 2oaa (a — b) ya + Qaba (s—c) af =0, 

ie. nl =asa+ Wb (8 —c) B+ V0(e—b) y= 0, 


or af ~ aces" 4 a7 »/ paint’ + a/ rind =0. 





The tangential equation is (Art, 72) 
—mn cos" 5 + nl sin’ = +lm sint S=0, 
Nine-point circle. This circle passes through the 


middle points of the sides of the triangle, and through the 
feet of the perpendiculars from the vertices upon the oppo- 


site sides. Hence tas. c cos A, etc., 80 that the equation is 
cys smn} (sods Bon B+ you) 8+ 


awk a’ + bcos B . B*+0¢ cos C. y' — aBy — bya —caB = 0. 
The tangential — ia (Art, 72) 
PA (Pc) +... +... + Imnarbe [at — Lina ide 
o 2 Q, 
eigen ie 


sien? Rh pee +-+0¢ F820, 


Self-conjugate circle. It AD, BE, o be the per- 
pendiculars upon the opposite sides meeting i in 0, this circle 


has centre O and radius /04 . OD, it being only real when 
one of the angles of the triangle is obtuse. 
Now J0A.OD=\—2R cos A. 2R cos B cos C. 
”. ' = O04" — (rad)? = 04"- OA. OD 
= 4.8* cos’ +4.8*cos A cos B cos C= 4R* cos Asin Bain’ 
= be cos A, 


EXAMPLES ON CIRCLES 73 


and so for the others. Hence the required equation is 
apy + bya + cap = ye Rei il 


1.6. a cos Aa‘ + b cos BB" + ¢ cos Cy’ = 0 
ie. a’ sin 24 + B*sin 28 +7 sin 2C = =0, 
The tangential equation is (Art. 72) 
p m n' 
sind * sin 9B * sin30~” 


Cirele on BC as diameter, This circle goes through E and P, 
Hence t;?=AC.AE=).coos 4, Also t’=0 and ts!=0, Henoe the 
equation required is 

apy +bya+caf =(aa+bp+cy).acos 4, 
fe. a® cos. A - By — ya coe C - af cos B=0. 
(Bee Art. 60, Ex. 2.) 

88. Bx. 1. Shew that the equation to the circle which passes 
a centre of the three escribed circles of the triangle of 


r ce is 

— aa? + 68? + 04% + (a+b +0) (Gy +ya+ of) =0, 
and that of the circle through the in-centre and two of the e-centres ts 

aat + bf! - cy8- (a+-b- 0) (By + ya 0f) =0. 

The equation to any circle is 

apy + bya +ca8=(aa + bB + ey) (la+mp+mny). 
If this passes through the e-centres whose coordinates are pro- 

” portional to (1, 1, - 1), (1, - 1,1) and (-1,1, 1), we have 
-a-b+e 





l+m-f= See. =-l, 

t-min =-~-l, 
and -l+m+n =-\1, 

. l=emen=-l, 
and the equation is 
afty + bya + caf + (aa+bB+cy) (a+B+7)=0. 
Similarly, if the ‘circle passes through the in-centre and the two 

e-centres opposite the pola 4 and B, coordinates are 


whose are pro- 

sehr ype So l, Yeh 1) and (1, -1,1), we have /=1, m=1, 
n= -1, and 

Bix. 2. Shew that the nine-point circle, the self-conjugate circle, and 
the cireum-cirole of a triangle intersect in the same points. 

The radical axis of these three circles taken im pairs is, by the 
previous arti 

acca d +8 008 B+ coe C=0, 

Hence they all three meet where this line meets either of them. 
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Ex. 8, Shew that the tangential say Ia i ahaa 
ts the point (a,, fi, vs) ond whee? ius is r, ts 
(lay +m, +ny;)' =79[P +m! +n? - Iman cos A - nl cos B- 2lm 008 C], 
and hence that the point-equation ts 
a" [r'gin® 4 — (8,2+-y,"+ 98, y, 008 A)]+... +... 
+2By(r* sin B sin C+ 8,7, +-7,0, 008 0 +a, 8, 008 B - a," cos 4) 
ssaead ora 


If la + m8 +ny=0 is the equation to an 
upon it from the centre (a; , 8; yay pts fe r, epee | sig 


(la, + mB, + ny,)*=r7 (P + m+ nt - 2mn oo8 A — In! con B- Saree 
the equation required, 
he, = B(af-99) +... +... + 2mn(B,y, +7 008 A) +... +,..=0, 
Henoa, by Art. 78, the coefficient of a’ in the point-equation 
= (6,"-1") (47-19) - (8), + 7" 008 4)" 
=r [ri sin? 4 ~(8,"+7,'+28, 7 co# 4), 
and the coefficient of 28- 
= (ya; + 7% 008 B) (a; 8; +r? 008 C) — (ay*—r*) (6,7, + 7% 008 A) 
=r (risin Bain C + 8,7, +1 0; 008 C +a, 8; 008 Ba? 008 A). 
Similarly for the other terme, 
Hence the point-equation as stated, 
Pree) If p, q, r are the perpendioulars from the angular points of the 
rales upon any tangent to the cir ha centre is 
PaHer 9 7) and whose radius is p, then 
pda, +qbB, + rey, =p (a0, +58, +¢y,), 
or, in areal coordinates, 
PE, + qy, +7 =p(% +y +h). 
Bx. 4. Shew “ei thr | 
Psi pot! i aca 
Taking sb yeday inpemer sonpsegr) oes iy , we have mf -ny=0 and 
m8 +ny=0 a8 the equations to AO, and AQ). 
: BO,8inB mm BO, _ om n _ _—~-BO, 
Hono O,Caind n' oe 0,0 ~ jin sind ~ 00" 
Hence, by a well-known geometrical proposition, the circle on 0,0 
Hones, bya wel-tnown omer! ops eer 
BK m™ n 
KO sinB~ sind’ 
My mésin'C BR? _ (y'+a%+2ay cos B)+sin® B 
isin? B  KO*~ (a? + f*+ 2ag cos 0)+-sin® 0’ 
i¢. the equation of the cirole on 0, Oy as diameter is 
7 +a"+ Day coa B at th + 2a cos 
m? a a 





EXAMPLES ON CIRCLES 75 
Bo the equations of the circles on ’R and QS similarly are 
+y'+2Bycosd  7'+a7+2a7 0088 
=. ae a © 


and 


Si+y'+28ycoed a’ +f*+2af cos 0 
p ss ni ' 


These three circles clearly meet in the same two pointe; for, at the 
intersection K of the firat two, we have 


BK? sm nt , Ck. eS. 1 
KC's?’ in®0 “™* Kai sin" aint’ 
BE? sm! p 

a Kat = aint * aint’ 
i.e. K also lies on the third circle, 
It will be found in Art, 99, Ex. 6, that this proposition iss particular 
case of a more general theorem. 
ux, 6. Prove Feuerbach’s Theorem that the nine-point circle of any 
triangle touches both the inscribed circle and the three escribed circles. 


If S=0 be the equation to the ciroumscribing cirele and L=0 the 
equation to the line at infinity, then, by Art. 87, the equation of the 
nine-point circle is 


S=}L (a 00s 4+ cos B+ c08 C), 
and that of the inscribed circle is 


gar [ ots Yaa bay), 


Henoe, by subtraction, their radical axis is 
aa [be cos A -2 (1 -a)*]+...+...=0, 


f.é, os 
Pi, Lire Me 
i.e. — raigeovece 0. 
This touches the in-cirele 


ala (e—a)at Jb (e- 6) B+.Je(s - e) y=0, 


if (by Art. 87) 


le 
a(s-a) eae 

ie. if {s-a) (b-¢) +(#-b) (¢-a) +-(t-¢) (@-b)=0, 
which is true. 

Since the radical axis of the two circles touches one of them, it ia 
clear that the two circles must touch. 

Similarly the radical axis of the nine-point circle and the eacribed 
cirole opposite 4 is 

aa (be coa A — 224) 

+bB [cacos B - 2(#-c}*)+ ey [ab coa C - 2 (s-b)"]=0, 
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; 3 aa = b8 cy 
i.é., On reduction, Stare SP Se 


By Art. 87 this touches the eseribed circle . 
5 asa + 4/6 (¢ - c) B+,/e(e - b) y=0 
b(t cea e(e-b)adb 


raery (b- c) (a+8) + haere) 
whioh is true. Similarly for the other two mache ai 


Bz. @. Shew that the equation of the straight ee ae 
point A of the triangle of reference to the circular aprbinhe one her 
+7428) 008 4=0, and that with 4B and AC give a pencil of 


cross-ratio equal to cos24+,/~-Lsin3d, Prove also that they make 
the same angle tan~! ,/ -1 with every straight line in the plane, 
The circular points at infinity are the intersections of aa +b8+¢cy=0 


with any circle sooh as the circumoircle apy + bya+ 0. Elimin- 
iat a borween thats: wets int the ree eae 


— at By + (by +8) (68 + ey)=0 
Le. Bh448+20y 008 A=0. 
These are the straight lines = -(oos A +i sin 4)= - et, and by 
Art. 61 the croas-ratio required 
=e4le ¢- 41 ll = gpa 94 +i gin 2A. 
Similarly, in Cartesian coordinates the lines from the origin to the 
circular points are z!+y'=(0, i.¢. 
pests af =i, 
The line y= ri makes with any line y=mz +e an angle 6, such that 
_, ™-1 “ 
é=tan a" an-!(-{). 
So the other makes with it an angle tan~? (i). 
Gor. By solving the equations 
+o? +2hy008 4=0 and aa +b8+ey=0, 
shew that the coordinates of the cireular points at 
infinity may be taken to be 
(cos B+,/-1sinB, oop d+,/-Isind, ~-1), 


Bx. 7. To obtain the radical axis of two circles given by the general 


equations 
5,=a,0"+ b, B+ cy" + 2f, By +29; ya+ 2h, of =0, 
and = 8, =ag0+ Dy" + cy? + BfyPy + Bpy'ya + Bhyas=0. 
7 rhe Preaiathaalnipestogadb sae wont. py 5,=0 has to be 
divided by a quantity A}, to make it become of the form 
§ S=L. Ly, 
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where § is the equation to the circum-tircle and L the equation to the 
line at infinity, so that 


5, 

- 
Similarly os Este. 
On subtraction 5 j= aE Ula lal 
‘Bat L,-L,=0 is the radical axis of the two circles, Hence 
ee i#=0 give the product of the radioal axis and the line at infinity. 


m4 
Also, as in Art. 85, ; amd Ay are given by 
by 69? +4 bg? — Bf; boty =e, ay? +c cg" ~ 2g, cy ag =a, by? +b, a,? ~ Bh, a,b, 


with similar expressions for ).. - eis 


EXAMPLES. 


Bhew that the tions to the circles the points B and 
L eof releence ond (tbe ornate a praythen 


D ait seneuni wie) 
where (1) 1= 80084, (2) 1= 2, and (8) t=1, 


3. Find the equation of a cirele which has for diameter the perpen- 
dioular drawn from the angular point A of the triangle of reference 
to the side BC. Find also the radical axis of this circle and the 
circum-circle, 

<a from 4, B upon the opposite 

the triangle of sng that the equa to thc ads 
ice DE fcc tie antes tooah 2, as diameters are 
(1) afy + bya+ cap =(aa +08 + cy) [(a oo8 A +8 cos B) sin? C+ 0087 C) 
and (2) aBy+bya+caf =} (aa +08 +c) (8.008 B +4008 0). 

4, If from ~idaeggal ae og be drawn to the sides of a 
triangle, and the area of the triangle formed sg naa hase 
sats, ab oat of Pi ie osc wih bol 


Art. 88, the oe +63+ cy)? x 6 constant 
iy eral Stata 


Bhew that the oq uation 6" a he A=k" represents a circle, 
“Scene st m-circle of the triangle of 
is 


be sin’? A (c8 + by) =k (aa +b8+ey), 
and is thus parallel to the tangent at A to the circum-cirole. 
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i ae ee a oe eee ee 
each side the tangent at the opposite angular points lie on a 
straight line. 

7, Salad grap naclecrvinc rie Seay srry tery 
OB, OC meet the opposite sides in a, b, ¢ respectively. She that the 
eaight line on whic le the pont of ination of ab and 4, be 
and BC, ca and CA passes through a point which is the same for all 
positions of 0. 

§, Li the sides of of the ABC are produced 
oot te oppo ein D, BF. then the strcight ling DEF is 
the radical axis of the cireum-cirele and self-conjugate circle of the 


triangle 4 BC. 

9, Shew that the equation of a circle, which is of radios p and 
which is concentric with the ciroum-cirele of the triangle of reference, is 
abe (apy + bya + caf) =(R* - p?) (aa-+bB + cy). 

10, Shew that the radios of the circle, whose equation is 
apy + bya+caf=ka (aa+b8+ecy), 
Sa bi pr be where Fis the radius of the ciroum-circle of 


rer If the equation ay =f" represents a circle, show that k=1 and 
give the geometrical interpretation. 
12, Shew that in areal coordinates the equation 

al (y+s—2)-'+b8(at+2-y) +03 (e+y-2) 0 
—— relative to the fundamental 


13, ind the oes samen ee ee 
the in-cirele and the three escribed circles of the of reference, 
and shew that they are parallel tothe tangents to tbe czeom-sic 
at the vertices of 
14, Exhibit the equation of the nine-point circle of the triangle of 
reference in the form 
, »y %&f sind 
at 0, a, sin’ 
B, a, 0, sind 
oos.A, cosB, coaC, 0 
What geometrical property of the circle does this equation express? 


Bhew that the tion to gor ohn of a’, 
Be, Epcos np ten a “hag aaa BY) 


et Ctvomaiyt fond. . at. 


gin d 


=0, 
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89. Foci of the conic given by the general equation, 

To find the foci proceed as in Part I, Art. 393, By Art. 79 
write down the equation to the a drawn from any 
a 8’, y) and introduce the conditions found in Art. 85 
that they shall satisfy the conditions for being s circle, We 
shall find that a’, 6’, y' are given by the equations 
(b,%¢ + 0,8b = 2b,o.f) (2, By y) ~[bo(ga +/B + ey) 

%. oe — 0 (ha + bB + fy)P 

= two similar expressions, t.¢. by , 

A (bes otb— Bho) (6 Brn) [or - Sap 

= 4 (oa +a,'c— 2eya,9) $ (a, 8, y)- aga 3 


=4(azb+bj0-2absh) $(e,By-[ 55 —b3 | 
When the foci have been found, the directrices, which are 
their polars, can be at once written down. 


at ws eer ) from these equations, we shall 
obtain an equation 0 de ben 
or [a dg 
K| F435 +L ae aq 
dp, doy _ 
+H [ong | =O) 
where A, L, M are constants, 

This isa conic which passes through the foci. It also passes 
through the centre. For each term of equation (1) is 
satisfied at the centre as is seen from the equations giving 
the centre (Art. 78). Since it passes through the four foci 
and the centre, it can only re t the axes of the conic. 
Hence the axes are obtained by eliminating ¢ (a, 8, y) from 
the above equations which give the foci. 

90. Conics circumscribing the triangle of reference. 

The general equation to a conic is 

da’ + bf" + cy" + 2/By + 2gya + DhaB = 0. 
If the conic passes through the vertex A, the equation must be 
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satisfied by 8 =0, y= 0, and a=constant. Hencea=0, Bo, if 
it passes through the points 3 and C, we have b= Oandc=0. 
The equation to a circum-conic is thus 
2/By + Igya + 2haB = 0, 
or, as we shall write it, 
LBy + Mya + NoB = 0. 
As in Art, 72, it is easily seen that the straight line 
la+ mB + ny = 0 touches this conic if 
LP + Mm + Nn! — 20 Nmn — 24 Lnl - 22M Im = 0, 
ie, if Ji + Jiim+ Jn =0 
Bx. The equation to the ee ee ee BP, 7') 
and (a", fs 7") om the cireum-conic is + +7350, and the 


tangent at (0, f, 7) in 3 +25 + M4 


ince the points lie on the curve, we have 
Lp'y' + My'a'+ Na'p’=0 and L8+/'+My"a" + Nap’ =0, 
Hanes 
M N 


OTP FEOF TPA 


Bat the equation to the s t line joi the two given points is, 
by At SL traight line joining given po 


a (B'y" — By) +B (y'a" ~ ya") + -y(0'8" -0"B") =0, 
wae t pt zane. 

On putting a de B’=6', y"=y', we have the equation to the 
tangent at (a’, f,7). 

91. Conics inscribed in the triangle of reference. 

The general equation to a conic is 

aa? + bG* + cy + 2/By + Igya + 2haB = 0. 

This meets AC, i.e. a=0, where bf? +cy’+2/By=0, and 
therefore touches it if 


frabe, is, if f=+ be. 
So the conic touches the other two sides if 
y=+ Vea, and h=+ Jab. 


ie. 
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Putting a= L', b= M*, and c= NV", we have as the equation 


to the inscribed conic 

[ot + M°f* + N*? + MN By + INLya + 2LMoB = 0. 
These ambiguities in sign are not however all independent; 
for, if they were replaced by all positive signs, or if they 
were replaced by two negative and one positive signs, we 
should in either case get a perfect square, and the locus given 
would be two coincident straight lines. 

[Two coincident straight lines clearly satisfy the condition 
of passing through two coincident points on the side of the 
trinagat 

Hence the ambiguities may only be replaced by (1) three 
negative signs, or (2) by one negative and two positive signs. 

The equation may be written in the form 

ni La + JMB + al Ny = (), 
Taking the equation 
JIa+ JMB + M Ny = 0, 
ie, Liat + M'p'+ N*4- 2M NBy—2NLya-2LMa§ = 0, 
we see, from Art, 72, that the straight line 
la + mB +ny= 0 
touches it if Imn + Mnl + Nim = 0, 
i.e. we see that the line (/, m, m) touches the in-conic 
JTa+ JHB + V¥y=0 
if the point (I, m, n) lies on the corresponding circum-conic 
LBy + Mya + NoB =0. 
Also similarly, from Art. 90, we see that the line (/, m, n) 
touches the circum-conic 
[By + Mya + Nop =0 
if the point (J, m, n) lies on the corresponding in-conic 
Ja + VHB + / Ny =0. 

Zx. The equation to the chord joining the points (a, B, y') and 
(a", B", 7") on the in-conie is 

a JL [Vey + NYP +B MI Yat ey 
+ JN [a/a'B" + 9/f'0"}=0, 

6 


Lo 4 


82 COORDINATE GEOMETRY 


and the tangent at (a’, f', 7’) wan/ Eran) Bt Js=0 


Since the points lie on the in-conle, wo have 


/Ta' + ./Mp’ + [Ny =0 and /Ta"+ ./Mp’ + ./Ny'=0. 
Hence 


SE ge 2) ee 
Jiy'- ey Sre'- Je Seip’ Ja"e 
BOE i cid; EE: 5 te Oi 
* Ttey'+ Je) ee INTE a) 
~ JN ahs AA 
Honoe the equation to the required chord (Art. 51) is 
an LSB" + 81+ 8 VM ya" + /7/"e!] 


~- trl Ne B" + o/0"2)=0. 
On ee: a” =a’, 8" =A’, 7" =7 the equation to the tangent at 
(a’, #’, 7) is then 
an Ly’ +B o/ Mya’ + ./Na'p’ =0, 


a aff 


03. Bx. 1, sen overre? given triangle and one of its 
arymplotes pases throug ad i f asymptote 
touches a fixed conic inscribed in gi ea 

Let ha+m §+nyy=0 and ka+mgS+nyy=0 
be the asymptotes. Then the equation to the conic must be 

(hot my A +myy) ((ea+mg 8 +nyy) =A (aa +08 +ey)%, 
gince the conic touches the two asymptotes where they meet the line 


Binee the conie cireumscribes the triangle of reference, ita equation 
Boewe = airicoe a’, &, ceah 


“ 1,4-kai=0, m,m,-kb=0, and fi, fy — ke? =O, 
Since one asymptote passes through a fixed point (/, g, h), 
 hf+mgt+mh=, 
es at BA sth ig 
2 My My 
ol fingnyg + gm +cthim =O. 
Hence the other asymptote touches the inscribed conio 


Jlatfat [p+ ./cthy=0. (Art, 91.) 
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Mx. 2, Shew that the locus of the foci of conics which touch four 
given straight lines is in general a curve of the third degree. 


Take three of the tangents as the triangle of reference, and let the 
fourth tangent be 


la+mB+ny=0. 
*pheeiont ed Cae. Ll Then, ake 
of the perpendiculars from any tangent is constant, 
a'a” =f" == “(nt sets 9 =k, 
where Lig P+ m?+n?—2mn 008 A - ce 2im cos C. 
. kim = k'n 
| PLi= (tt mp + my) (= ae), 
Hence the loous of (a’, 6’, y') ia the cubio curve 
(la + mp + wy) (ly +mya +nap) 


= Li aSy =apy (+ m+n? - 2mn coe A — Onl cos B- 2m cos C), 
This curve passes through the six intersections of the four given 
straight lines, 


it <= "8, i.e, if the fourth tangent is the line at infinity and 

hence the conics are parabolas, this loous reduces to 
apy+bya+caf=0, 

ic. the ciroeum-cirale of the triangle formed by the other three 
tangents. 

If the four tangents form o parallelogram then, as in Part I, 
876, Ex. 11, the loous is a rectangular hyperbola. wad 

Bx. 8. Uf the inscribed conic «| Ta-+ | B+ »/Ny=0 be « parabola, 
thew that its foes isthe point (5°, 7.) and that the equation 
to ite directriz is La cot A+ MB oot B+ Ny cot C=0. 


Shew also that the directrices of all such pass through the 
orthocentre of the triangle of reference and that the locus of their foci is 
the circum-circle. 


The tangential equation to the conic is 
Lma+Mnal+Nim=0, 
and henoe the line at infinity is a tangent, and therefore the conic is 
a parabola, if ; 
Lbe+Mea+Nab=0........... seearaieeart (1). 
For any conic inscribed in the triangle of reference, we have 
@y Oy =) 8g =y, "yo =(8emi-minor axia)! ............ (2), 


where (a;, 61, 11) and (ap, Ay, ‘y3) are the foci. 
6—2 
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If the conic is a parabola, one focus is the point of contact of the 
line at infinity and is thos given by 
L (Lag MB Nyy) _ M (- Lay+Mpy-Noy) _ N (- Lag- Mf t+ Nn) 
a b ¢ ’ 
Honoe ay : fig: yg :: Me+Nb: Na+Le 1 Lb+ Mas: 2 Syby 
equation (1), 
Henos (2) gives a Ainei gts sauneeiembiind (8). 


The directrix is the polar of the foona, and henos is 
La (La, = Hp, - Ny)+...+...=0, 
i.e. La (a*— b?- 8) +...4.,.=0, 
ie. La cot A+ MB cot B+ Ny cot C=0. 
isco’, and oS ve bare a8; yy + by; a +a, 8, =0, so that the foous 


Also the directrix clearly passes through the orthocantre, i.e. the 
point (cos B eos C, cos C cog A, coa A cos B), vince (1) is true. 


» On : : tres of rectangu <a 
inscribed Fapregursnts Bed Pade Storer 
a’ sin 24 + 6 sin 2B + sin 20=0, 
An insoribed rectangular hyperbola is 
j Bal + mi pt +23 —9mn fy -Inlya-Qlmaf=0 ....., (1), 
where +4m!+n?+2mn cos 4+ nl cos B+2lmooaC=0 ......, (2). 
The centre of (1) is given by 


1 (la —_mp —-n¥) i ib _" (ny —la—mB) 
a € 
2la . 


men nl ttm 
. bntom _cl+an_am+bl 











a B 7 
d i, we nab 
 eB+ce7-aa cft+aa-bB aa+dp-c7 
Substituting in (2), we have 
a? (b8 +07 -aa)'+...4... 


+2008 A . be (e}+ai— bA) (a+ b8 - 09) +...4+...=0. 
Hence, on reduction, the required loeus is 
a’ gin 24 + fain 3B + sin 2C =0, 
which is the self-polar circle. (Art, 87.) 
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1, Bhew that the equation to the conio ciroumscribing the triangle 
of reference, such that the tangent at eaoh of its angular points is 


parallel to the opposite side, is be Ay+caya+abaS=0. 


9, Deduce the equation to the circum-circle of the triangle of 
reference from the fact that the tangent at A makes with AC an angle 
equal to B, and similarly for the other angular points. 

9, Two conics circumacribe the triangle ABC; through 4 is drawn 


any straight line to meet them in P and Q; shew that the tangents 
at P and Q divide BC in constant cross-ratio, 


4, Shew that the equations 


bm st coend fos tial ti ttnftten 
opty O and 4 at. ait | jt = 
represent the same conic, and give the geometrical interpretation. 
§, A conic ciroumseribes the triangle of reference and toushes the 
line la+m8+ny=0; shew that the locus of the pole of the line 
ha+yf+ry=0 with respect to the conio is 
ala (uh +7 — da) + 4) mB (ry + Na — 8) + 4/my (ha + wf ~ 7) =0. 
Deduce the locus of its centre, 


6, If the cireum-conic [fy +mya+na8=0 is a parabola, shew that 
_ the equation to its directrix 
be (m? +n? —2mn cos 4) a+ca(n? +P? - nl cos B) B 
+ub (2 +m*- hn cos C) y=0. 
If it touches the ciroum-cirele of the triangle of reference at 4, show 
that it is one of two parabolas whose axes are at right angles. 


7, If the normals to the conic [y+mya+naf=0 at the vertices 
of the triangle of reference are concurrent, prove that 
(m =n 008 A) (n -[ 008 B) (t- m cos C) 
=(n~m cos A) (l - 2 008 B) (m—1 008 C). 


8, Shew that the equation to the conic which bas contact of the 
' yeoond order with the conic [fy +mya+naf=0 at the vertex A of the 
triangle of reference, and which passes through the vertex B and the 
in-centre, is 
(m+n) (ISy+mya+ nop) =(I+m +n) (mB + my). 
Q, A triangle ABC is inseribed in « conic; the polar of a point 4,, 


ing on BC, meeta C4, AB in B, and C,. Shew that 44), BB, and 
C, meet in a point, 
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10, Shew that the coordinates of sg hos on the ciroum-conio 
LBy+Mya+Noa8=0 can be written i form 


(L conec! #, M sect @, -N), 
and that the tangent at that point is 


@ intel. ne 
7 6+ 57 0081 8 +, =0. 


Bo for the in-conic ,/Ta+ ./MB+./Ny=0, a point is 
cos'@ sin'@ 7) 
be oe ORY 


le . MB me 
and the tangent is coat t wintg ” Y1=° 
1], Whatever be the value of /, m andn, shew that the equation 


(m=n) [B+ ty + (n~0) /B+my+ (I~ m) /B+ny=0 
represents only the line y=0. 
the equation \,/L Mf N=0, wh M,N 
Ponsa pence Ltn He tr where L, M, N are 


12, Shew that ./iz+,/my+,/nz=0 and 
(= be+ my +nz)-! + (Le - my + 22)-1 + ((2+-my - nz)? =0 
represent the same conic, and give the geometrical reason for this. 

13. A conic is inscribed in a given triangle and passes through 
@ given point; shed teak the oor of its centre is « conic which 
touches the three lines joining the middle points of the sides of the 
given triangle, 

14, ABC is o triangle and P an § on a fixed straight line, 
Shew that the envelope of the Oe cca of PA Saceced 
to PB, PC is a conic touching the sides of engl sgh tc 
fized straight line. 

15, Parabolas are inscribed in a gi Nineties soee vonihvaadl 


line joining the points oF comer ot tay es 
fixed point. 


16, Shew that the equation 
nla(b-c)at+b./ -B+es/y=0 
represents a parabola whose axis is the external bisector of the 
angle ABC. 
17, Shew that the equation 
/aa+ /08+»/-ey=0 


A aa a asymptotes are parallel to the lines a=0 
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18, A conio touches the sides BC, CA, 4B of a triangle in P, Q, R. 
rag er nee CR are concurrent and that the penail P(Q4RB) 


If AP, BQ, got gh ane ey Q', R’, shew that the 
tangents at P, Q’, R’ meet the sides BC, CA, AB in collinear points. 


19, A conic, whose centre is 0, touches the sides BC, CA, AB of 
the triangle ABC in the points D, E, F respectively; DO, EO, FO meet 
EF, FD, DE in L, M, N respecti and MN, NL, LM intersect 
RC, CA, AB in X, Y, Z respectively. that X, Y, Z ara collinear. 


If D’, E’, F are the other ends of the diameters through D, E, F, 
shew that 4D’, BE’, CF’ are concurrent. 


20, Btvew (nat the telangio formed by the poles of the Hines joining 
the middle points of tha sides of a given triangle wi th regard to any 
inseribed conic is of constant area. 


91. Shew that, in areal coordinates, pr+qy+rz=0 is an asymptote 


of the conic 

/Lz+ /My+./Ne=0, 
if p, 9, r are given by 

Lgr+Mrp+Npq=0, 


and p(M+N)+9(N+L)4+r(L4+M)=0. 


/ 99. ae eee ib cach os eric oe cae 
@ cubic curve circumeori Lope Seal aig naga 
through a fixed point, or if the centre lies on a fixed | 


93, A conic is inscribed in the triangle of reference; if its minor 
azis is of given length 2A, the loous of ita foci is the cubic curve 


4A* afy =) (aa + dB + cy) (afy+bya+eap), 
where A is the area of the triangle of reference. 
If ite axis is parallel to the straight line la+m8+ny=0, their loous 
is the cubic 


« (B*= +) (me - nb) +B (y2~ a) (na — Le) + (a? - f#) (Ib -ma)=0. 
94, Find the equation, in areal coordinates, of the conic which 


touches the sides of the tr of reference at their middle 
and verify that the centre of the conic is the centroid of the triangle, 


Shew that the equation to the axes of the conio may be written in 
the form 


(b4 =e) (y — #)* + (c? - a4) (2 - x}? + (a? - B) (2-y)*=0. 
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_ 93. Conice with respect to which the triangle of reference 
is sel f-conjugate, «ide 

The polarof thepoint A viz, (a’, 0,0) with respect tothe conic 

(a, 8, y) = aa" + bf + cy' + 2/Py + Igya + 2haB 
is a [aa +hB +gy|=9. (Art. 75) 
This is the opposite side BC, iz. a=0, if g=h=0. So the 
polar of the point B is the opposite side CA if h= f=0. 

Since the sof the points A and B pass through C, 
therefore, by Part I, Art. 375, the polar of pests Hhrceg 
A and &. 

Henee, if f=g=h=0, the triangle ABC is self-conjugate 
with respect to the conic. 

The equation to such a conic is usually written in the form 

La? + MB + Ny' =0. 

A conic with respect to which a triangle is self-conjugate, 
or self-polar, is often called a self-conjugate conic with 
respect to the triangle, or, for brevity, ‘a self-conjugate 
conic,” it being understood, when this latter expression is 
used, that the words “with regard to the triangle of refer- 
ence” are implied. 

94. Condition that la+mB +ny=0 may be a tangent to 
La? + MH + Ny =0. 

The tangent at any point (a, f’, y') of the conic is 

Laa' + MBB’ + Nyy’ =0. 
If this be the given straight line, then 


Le MB MY 

; «8 
so that nn ee 
Since (a’, f’, y’) lies on the conic, 

: Le | 

Pe by 
This is the required condition of tangency, 


It is clear that if la+mB+ny=0 is a tangent, 80 also 
are the four lines + la + m8 + ny = 0. 


SELF-CONJUGATE CONICS Sg 


Cor. The conic is a parabola if it touches the line at 
infinity, a,a + 6,8 +¢,y =, the condition for which is 


This parabola will also touch the three straight lines 
ta+b)B—eyy=0, aa—~by8 + qy=0 and —a,a+b,B+ey=0. 
But these are the three straight lines joining the middle 
points of the sides of the triangle of reference. 

Hence 1/ a parabola be self-conjugate with respect to a 
iriangls ABC, it is inscribed in the triangle formed by joining 
the middle pointe of' the sides of the triangle ABC. 


In the first ease the conio 12 
Lal + Mi + N=, 
where LH MANO ceccccsssssscsnssccssersssvses (1) 
by Art. 60, 


The contre is given by i seh 


Henee, by (1), afy +b¥a+cap =0, 
ic, the cantre lies on the cireum-cirels, 
In the second case the conic is 
Lpy+ Mya+Nas=0, 
where L 008 A + M 008 B + N cos C=0 ..........::000000(2). 
The centre is given by 
M7+N8 Na+Ly LB+Ma 
4 <= ey eae * 
a. ee: ee. 
~ai+bh+cf ad-bB+ch aat+bp-cy 
Hence (2) gives 
G(-a&+68+c7) 008 A+... +.,.=0, 
ie, a+b Fa+ 0&8 -@ 008 4d*— b con BS*- coos C7'=0, 
i.¢. the centre lies on the nine-point circle. 
The second part follows at once from the first; for, if a rectangular 
hyperbola ciroumecribes a triangle, it is easy to shew that ord gg 
triangle of the latter is self-conjugate with regard to the hyperbola, 
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96. To shew that, in general, any two conics have a 
common self-conjugate triangle, and to find in what cases ut 
w real and when tt is imaginary. 

The intersections of two conics are either (1) all real, (2) all 
imaginary, or (3) two real and two imaginary, since imaginary 
solutions always occur in pairs. 

(1) If the intersections P, Q, 2, S are all real, as in 
the figure of Art. 64, then the triangle ABC is the self-con- 
jugate triangle, For, if AC meets 7S in M and QR in N, 
then, since the pencil (@ (PASE) is harmonic, therefore 
Sieh and [BENQ] are nic, and hence by Part I, 
Art. 401, CA is the polar of B. Similarly C is the pole of 
AB and A the pole of BC. 

(2) If the intersections are all imaginary, 


sig iy (a + 28, th + Yst): 
let Q be (-%i, 2-H") 
let B be (25+ 4%, Ys + Yt), 
and 5 be (%-%i, te- Yi 
the coordinates being Cartesian, and += ¥ — 1. 
Then the equation of PQ is 
ats (9 — ,) = Yq (LAB) sovevvserreree (1), 
and that of RS is 
ay (¥ — Ya) = Yq (WAM) ove veeveeereree(Q), 


That of PR is L+ Mi=0, and that of QS is L—- Mi=0, 
where L and M are both wholly real. That of PS is 
L'+ M'1=0, 
‘and of QR is L'-M'i=0, 
where L' and M' are wholly real. 

Now PQ and RS intersect in a real point C, PR and QS 
intersect in a real point A, given by L=0 and M=0, and 
PS and QR meet in a real point B, given by L,=0 and M, =0. 

In this cave the self-conjugate triangle is therefore wholly 
real; but only two of the common chords are real. 

(3) Next, let P, Q be real and R, S imaginary. Let 

P be (2, 94); Q, (2 vi (ates e+ Mt)5 
and S, (25 — 2,8, ¥s— ¥4*)- 
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Then PQ is 


Y (%—%)—2(y;— 4) - (Ya %%h) =O, 

and RS is . a, (y — ys) = 9, (w@ — %). 
The equation of PR is 

L, + Mi = 0, 
and that of PS is [,- Mi=0, 
The equation of QF is 

L; + Mi =0, 
and thatof QSis L,’—M,'s=0, 
where L., M,, Ly, M; are all wholly real. PQ and = 
intersect in a real point (’. Now, since ofa amar 
the real point /, it cannot pass through any ot saab 
for then it would be wholly real, which by supposition it is 
not. So Q.9 has no real point on it except 7. Hence P# and 
QS cannot meet in a real point. Hence the point A of the 
figure of Art, 64 is in this case imaginary. Similarly PS 
and ¢# cannot intersect in a real point. 

In this case therefore only one vertex of the self-conjugate 
triangle is real, and the others are imaginary, whilst two 
of the common chords are real. 

If the conics touch at a single point, then two of the 
points of intersection, P and Q, coincide, and it is easily seen 
that the triangle ABC of Art. 64 becomes evanescent, the 
points A and 8 both coinciding with P and Q. 


If the conics have double contact then two of the poixts, 
P and Q, coincide and the other two, 2 and 8S, also coincide, 
PQ and RS then edt yd soir int ¢ and the lines PR and 
QS coincide, as PS and G2, giving in each case an 
infinite number of points of intersection, and hence an 
infinite number of self-conjugate triangles, It we take CPR 
as the triangle of reference, so that the equations of the 
conics are ky’ — 2a8 = 0 and k'y*— 208 =0, it is eas MPRRLL 
that, if K and L aay such that (PERL) is 
harmonic, then (‘KL is a self-conjugate triangle with respect 
to the two conics. 


Hence in this case there is an infinite number of self. 
conjugate triangles. 
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If the conics have three or four-point contact, the self- 
conjugate triangle reduces to an infinitely small triangle at 
the point of contact. 

Bx. Find the self-conjugate triangle for the conics whose equations, 


in any system of coordinates, are 
Sma (b-c) yr+b (ca) sz+¢ (a-b) cy=0, 
and S' ma®(b—c) ys +-b9(c - a) ex+c*(a—b) zy=0. 


Clearly, kS +8’ =0 is o pair of straight lines when k= -a or -} or 
=, 

When k= -a, we obtain bsz-exy=0, giving the two lines z=0 
and bs -cy=0, which meet at the point (0, b, c). 

Bo when k= -», or -c, we have two straight lines meeting at the 
points (a, 0, c), and (a, b, 0). These three points are the vertices 
of the self-conjagate triangle. 


The equations to its sides are easily seen to be 
Xe -2be+yea+eab=0, 
Ye sbe-yea+sad=0, 
and Zm srbe+yea-zab=0, 
and we have S=((b -¢) X¥+(c-a) ¥?+(a-») Z%]+4abe, 
and = 8’ =[a (b~c) X¥+b(c-a) Y¥+¢ (ab) Z*)+4abe, 


EXAMPLES. 

], A given triangle is self-conjogate with regard to a conio; shew 
that the locus of the centre of the conic is a straight line if it touch 
a fourth given straight line, and is a conic cireumsoribing the given 
triangle Lf it passes through 8 given point, 

9, Shew that all parabolas with « given self-conjugate triangle 
touch the lines joining the suldtte le points of the sides of the triangle, 
and that there is one such parabola which also touches the sides of 
the pedal triangle of the given triangle. 

3. rig cegh aamericThw pestapetiniy: deberararope pede 6 
i + if one asymptote of passes through a fixed shew 
ee ir ddiar Ch elas eau = 

4, Shew that one asym of the conio az*+ by?+cz*=0 will be 
parallel to an asymptote of the conic a'z* + b'y*+ce's"=0 if 

a/be — e+ »/ca’- e'a + ./ab’-a'b=0, 
the coordinates being areal. 

[One point at infinity is the same for both conics, ] 
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§, Bhew that the equation to the director circle of the conic 
lat + mf + ny?=0 


Sea alm (n+U) 6? +n (14m) 72+ 2mnpy oo8 A 
+ Inlya cos B+ 2lmaf cos C=0, 
and that the radical azia of thia circle and the ciroum-cirele of the 
triangle is 


t (m+n) bea +m (n+7) caf +n (l+m) aby=0, 

j 4 =O j + é 
gS rs ma ee ga 
I(m+n) bea+m (n+) caf+n(l+m) aly=0, 

and that its focus is (= = 4"). 
ae” § 4 6 
Eyare tans Sie Grete af of ee poesboie eae Sones Ss 
centre of the circam <isel, and that their foci lie on the nine-point 


7, Shew that the coordinates of any point on the conic 


La!+ Mf" + Ny'=0 
sas (< sin @ 1 ) 

i 4 Ji’ J-N ' 
and that the tangent at this point is 


»/La oon 6+,/ Mp ein 0- ./-Ny=0. 
8, Shew that any tangent to the conic 


ae oe 
b+1* aril a+b 
Is cut by the conics a? + §2=-? and aa! + b6"= +" in two pairs of points 
which are “seena soho Hoe Rone 
[Any point on the first conic is 
(/6+1008 6, /a+leing, /a+0).] 
Q, If two of the sides of an inscribed triangle of the conio 
lat+ mpt= my 

touch the conic la? + mim’ pt=nn'y*, 
prove that the envelope of the third side is the conic 
la®( —m'n! +n + 0m) + m6 (m'e - 9 + mPa (m'n’ + n't - I'm’)! 


10, A triangle is self-conjugate with regard to » rectangular hyper- 
bola ; sw tat te fot of ay sou nein in the ing ae 


conjugate points with respect to the 
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Shew that all the hich touch the fo 
to tes conloa, W ur common tangents 


at on o+045 =0, 


y? a 
Ene Ce ee ae 
where k is any parameter. 

12, If a series of conics have s common self-conjugate triangle, 
thn any in throng vertex ofthe tingle inet bythe aytem i 
involution, and the tangents drawn from any vertex to the conics form 
 peneil in involution. 


19, Find the vertices of the self-conjugate triangle in the oase of 
the following conics given in Cartesian coordinates, and express them 
in a #elf-conjugate form : 

(1) 2#-y®-2y+1=0, and y?+4ey=42 ' 

(2) Tzy+y*-42-y=0, and 22? + 2y + 5y?-7y42=0; 
and (3) 4z%+y?+62-4y=0, and dry +8y?-8r+6y+1=0, 

14, If the equations of two conics in of hom 
Iga any system ogeneous 
y'+ye—e2+zy=0 

and ai +yl— 228 Sye- Der +dry=0, 
find the equations to the sides of the get een ais 
expresa the equations of the conics in self-conjugate forms, 


If three conica iy, 4s/= ' 0 and oon 
isk one rpc ant ae ai aoe Mir and tc .8)=0 hy 


4, Hy 
dz ' “dy ' dz 
dy dy dt 
dz' dy' ds |’ 
| hs dey dy | 
dz" dy’ de | 
ted to ta three t linea, which are the sides of 
oper posable straight lines are o 
Henee, by two conics and their harmonic loous F (Art. 
18, go) can the equations to the sides of the self-con- 


jugate triangle. 

97. Conics passing through the four angular 
points of a Quadrangle. 

We have shewn in Art. 64 that, if we take as triangle of 
reference the triangle formed by three vertices of the quad- 
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rangle, then the coordinates of the angular points are 
By i. to(fg9, 4) (Am -A) (A -% A), and 
Si $y 8): 
The most general equation of a conic 
aa! + bf + oy" + 9f,By + 2guya + 2h,ap = 0 

is satisfied by these four points if 

af + bg* + ch? + If, gh + 2g, hf + 2h, fg =0, 

af + bg" + ch*—2f,gh—29,h/+ 2h, fg = 0, 

af* + bg* + ch'— 2f,gh + 29,hf— 2h, fo = 0, 
and = af*-+ bg* + ch! + Bf, gh — 2g, hf— 2h, fg =0. 

Here clearly /,=9,=/,=0, and the conic has its equation of 
the form aa'+6f*+¢/*=0, or,as in Art, 93, La*+ MB" + Ny*=0, 
where Lf* + Mg* + Nh* = 0. 

Hence The triangle formed by the three vertices of any 
which pase through the vertices of the quadrangle. 

98. Conics touching the four sides of a Quad- 
rilateral. 

We have shewn in Art. 65 that, if we take as triangle of 
reference the triangle formed by the three diagonals of the 
quadrilateral, the equations of the sides can be written in the 


form . 
la + mB + ny = 0. 
The most general equation of a conic is 
aa* + bB* + cy* + 2/By + 2gya + 2haB=0......(1), 
and this touches these four lines, by Art. 72, if 
AP + Bm*+ Cn’ + 2Fmn + 2Gnl + 2Him = 0, 
Hence, as in Art, 97, we have F=0, G=0, and H =0. 
. gh-af=0, hAf-bg=0, fo-—ch=0......(2). 

Hence f=g=h=0. 

Or f=+ be; g=+noa; h=+-/ad, where all the 
ambiguities can be replaced by the positive sign, or two by 
the negative sign and one by the positive; in either case 
(1) is a perfect aquare and gives only two coincident straight 
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Still another solution of (2)is /=0, 9= 0, c=0, in which case 
(1) reduces to # pair of straight lines through the vertex C.] 
The only case admissible is therefore 
aa" +bf"+ey'=0, whence bel" + cam'+abn' = 0. 
We shall use the form 


Lo? + MB* + Ny =0 where = Ps = 0. 


Hence The triangle formed by the three diagonals of a 
complete quadrilateral ts self-conjugate with respect to all 
conics which touch the sides of the quadrilateral. 


08, Ex... Shew that the locus of the poles of a given straight line 
with regard to a system of conics pasting through four giten points is 


a conic, 
Let the four points be (+/, +g, +A), The conic through them is 
La? + Mp*+ Ny*=0, 
where Lft+Mg+Nh=0 ......... hueveRNannyee (1). 
The pole (a’, §’, y') of a given straight line 
lat+ms+ny=0 ..... neaceenenyareaesssess (2) 
' Mp N 
is given by i MP a 
= alta N, in (1), we see thas the lous of the required 


Uf pry+mghya+nhtag=0 .. (8) 
This conie cireumsoribes the triangle of reference ABC (Fig., Art, 64). 
Also, with the same figure, the equation to PQ is 5 +£=0, The 
line joining the interseetion of this with (2) to the point 4 is 
(lf - mg) B=npy. 
The fourth harmonic of this line with respect to the two lines 
AP, AQ, whore oquations are =f, is sen to be 
nh*f=g (lf - mg) 7, 
and the intersection of this straight line with PQ, ie 5+ E20, is 


Bric reas 
the corresponding fourth harmonics to 
a opt pn of kee af the other five lines PR, PS, QR, QS, 


geteieod le a through the points on the given line where it 
is touched the two oon of the ten, rediyeslor ri iae: cla 
of the t line with reapect to theae two conles, 
[inten paints vill be fone in Ex. 4 ahah double points of the in- 
uti ed on the given atraight line by the aystem of conics. | 
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a halon again ty which this conic passes, Hence 
it is known as the eleven-point conic, 

Particular Case. pk ati! ek the line at infinity so that 
l=a,m=b, n=, The pole is now the centre, 0 that the locus of the 
centre of the conic is 

af? Py + bg"ya+chtop=0. 

The fourth harmonics of the general case now become the middle 
points of the lines PQ, PR,.... For the middle point of PQ is the fourth 
erratic Q with respect to the intersection of PQ and the line at 

infinity. 


Mx. 3. Find the locus of the centre of the conics which touch four 
given straight lines, 
The straight lines being la+ mf + ny=0, as in Art. 98, the equation 


to the conic is 

Lat + MB+NY=0, 

e w nf 
where Ltwty= BD sis cassssccsvssiescanecs von(]). 
The centre, being the pole of the line at infinity, is given by 

La MB NF 

«ve 


Hence, from (1), on subetitating for L, M, N the loous of the centre 
is the straight li | 

PB = Pied =0. 

heals Bal 

By Art. 66 this is the straight line joining the middle points of the 
diagonals, 

It follows at once, geometrically, that the middle point of diagonal 
lies on the centre locus, For a very thin ellipse, practically coinciding 
with the straight line PR, satisfies the conditions of being a conic 
touching the four lines and ite centre is the middle point of PR. 

In a similar way we can shew that the locus of the pole of any given 
Tk sce terval the pelas ca Gus Mapenel whch wih Ge 

through the point on each diagonal which with the 
inlersention of the ingonal and the given straight line divides the 
diagonal harmonically. 


Bz. @. If a conte be inscribed in a quadrilateral, shew that two of 
the sides of the quadrangle formed by ita points of contact will pass 
through each of the angular points of the triangle formed by the diagonals 
of the quadrilateral, and will form a harmonic pencil with the two 
d which meet these, 


Let the sides of the quadrilateral be la+m§+ny=0, and the couie 


is then 
La + Mp? + Ny*=0, 
hate acto | 
= L*M*N 
Lu 7 
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Let F, G, H, K be the points of contact of the sides FQ, QR, RS 


and SP. Then F is the point (7, 7 a) oie (Z, > ott 
I 

His (~7, Fy) sand Kia (5, = ty, Henee the equations 

to FH and GX are 


n ™. fi 


point A and form s harmonic pencil 
pow wih 43 and 40, whic Rep aren two diagonals of the cireumscribing 
ich pase through 4. (Fig., Art. 65.) 
pen ig GH pasa through C, and F@ and HX pass 
ough B. 


It follows that the diagonal-point triangle of the quadrangle FG@HK 
is the same ae the diagonal-line triangle of the pi Wt POQRS. 


Spats ete from the fact that a system of conica inscribed 
re apenas have one and only one common self-conjugate 
triang 


B=. 4. 4 family of conics pases through four given points; shew 
that the pairs of points in which non cut by any straight line form 
an involution system. (Desargues’ 

Take the figure and notation of Art. 97. 

Any conic of the family is given by 

Le'+ Mp+Ny~=0, where Lf? + Mgi+Nh'=0, 
i,¢é. ite equation in 
L (ath - 147) +. GUI" - gy") =0, 
i, al ht — 242+) (sh? - 974) =0, manent 
where ) is any constant, 

Any atraight line being 

Lam RHO on. cercecvcerssersrncoesens (2), 
the equations to the lines joining the point A of the triangle of 
reference to ita intersections with (1) is 

b> (mB + ny)P~ f2 99+ NP (BPAY gy) =O. 

By Art. 89, Cor., these lines for all values of ) give an involution 
pencil determined by the pair 

Pi gfy=0, 

and ht (mp + wy)? - (7P +" =0, 
The first of these pairs gives the lines joining A to the intersections 
of (2) with PR, QS and the cts ves the lines joining 4 to the 
intersections of ( with PS and OR mar Swadesh 
system, including either of the pairs of straight lines through the four 
points, in pairs of points which are in involution, 
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It is easily seen that there are two conics of the system which touch 
the given line, and hanee these two points of contact are the double 
points of the involution. 


Bx. 6. A system of conics touches four given straight lines; shew 
that the pairs of tangents which can be drawn from any point (a', 8’, 7’) 
es form a pencil of lines in involution. (Oorrelative of Desargues’ 


With the notation of Art. 98, any conie touching the four given lines is 


Le? + MAP + NyterD  ....ccccccccnsccceesee(l), 
| 7. 
where rt ty 
ie. PMN + m3 NL40GLM =O |... .ccccccccceeescen (2). 
The pairs of tangents from (a’, f’, 7’) to (1) are 


(La! + MB*+ Ny’) (La*+ Mf + N47) = (Lao! + MBS + Nyy)? (8). 
The equation to the straight lines joining the point 4 of the triangle 
of reference to the intersections of (8) with BC is obtained by putting 
a=0 in (8), and is thus 


fe?  7'a? (by -F Io 
N M L : 
i.e., on eliminating L by means of (2), it is 
tat — m? (By ~ ff y)+ 5 [PAO m8 By’ ~A'7)"]=0. 
Hence by Art. 89, Cor., this gives a pencil of lines in involution which 
determined by the pairs 


is 
Boyt at — mt By’ By P=0 srrvvssersrenrereree (4), 

and Dat — 2 (By — A’ y)PH0 ......cccereceevvesee(B) 
(4) is easily seen to be the lines joining 4 to the intersections with BC 
of ree (a’, 6, y') to P and R, and (6) the similar inter- 
sections for the points Q and S. This would be ex ; for one conic 
touching the four given lines is a very thin ellipse almost exactly 
coinciding with the line PR, rounded off at P and A, and the tangents 
ae Eis Sipe ons chsenty the cores Hines Joining f0':P's 7) 30 F snd 
R. Bo two other conics of the system are the ellipses indefinitely 
nearly coincident with QS and 0,0,. Henoe the pairs of tangents 
from fe 8’, y’) to all conics touching the four lines, including the 
line ellipses PR, QS, and 0,0, form an involution pencil. 

It is clear that there are two conics of the system which pass 
through the point (a’, ’, '), which are given by (2) and by 

La? + Mp? + Ny7=0, 

Hence the two tangents to these two conics are the double lines of the 
involution pencil. 

Gor. 1. The lines joining any point to the six vertices of the quadri- 
latent toiacsd lp tole eon are oon 


7—2 
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Gor. 8. Deduce that, if a parabola is inscribed in a triangle, its direc- 
triz pases through the orthocentre of the triangle. 

Let the triangle be 4BC, with O as its orthocentre, and let oa’ be 
the line atinfinity, Then by the corollary one pair of lines in involu- 
tion is OA, and the line joining O to the point of intersection of BC 
and cod’, i.e, O4 and the line through O perpendicular to 0.4. Boe 
second pair ia OB and the line through O perpendicular to OB; and 
a third pair ia OC and the line through O perpendicular to OC. Hence 
more than two pairs of the lines in involution are at right angles. 
Therefore (Art. 37) all the pairs of involution-lines are at right angles, 
ic. from O all the pairs of tangents drawn to the parabolas are at 
right angles, and eo 0 lies on all their directrices. 


Hx. 6, Shew that the director circles of all conica which touch four 
straight lines have a common radical axis which is the directrix of the 


parabola belonging to the system, 
The equation to any such conic is 
La? + M+ Ny =0, 
| Bow nt 
where L + U + yao 
i.e. PMN+mI NL 4 n° LM=O .......ceseccceeeee(l). 


As in Art, 79, the equation to the director circle is 

MN (69+ -7°+28y 008 A) + NL (7° +0? +2ya 008 B) 

+ LM (a? + 62+ 208 cos C)=0...(9). 

By (1) this passes through the points given by 

B+7+%8ycoed 7 +a2+2yaconB at +f%+2ahcosC 
— ee a cre 
i., by Art, 88, Ex. 4, through the common points of the circles 
described on the three diagonals as diameters, Henvce the circles (2) 
are coaral for all values of L, M, N. 
There is ove parabola of the system, vis. 
L,a?+ M, +N) 7=0, 

‘ Pom a | 
given by ads Rs Amd and Le Re 
and its directrix, being a particular case of the above set of director 
circles, must psss through their common points. 


In the case of the parabola the equation (2) must reduce to 
aa+bf+ey) x equation of the directrix=0. Hence the equation of the 
eost rix is 


© Ly (My +N) +6 Ma (Ny + La)+2 9) (2,4 ah) =0, 
i,e., from (8), by solving for L,, M,, N,, 
= [18 (02 c#) ~a* (nw ~ ni) +...+...=0, 


FOUR-POINT AND FOUR-LINE CONICS 101 


and this is therefore the equation to the common radical axis of the 
system of director circles. 

The above theorem may also be deduced from the involotion 
theorem of Ex, 5. 

Taking the figure of Art. 65, let O be either of the points of inter- 
section of the circles on PR and QS as diameters, so that POR and 
QOS are right angles. Hence the involution pencil (Ex, 6, Cor. 1) 
has two sige of corresponding rays at right angles. Hence, by Art. 
igh all nett 8 of corresponding raye are at right angles. Hence 0, 00, 

t angle, and the circle on 0,0, as diameter passes through 
the vs al of intersection of the circlea on PR and QS as diameters. 

Also, if from 0 we draw a pair of tangenta to any conie inaeribed 
in the quadrangle formed by the four lines, these tangents form a pair 
of the line-involution system and = thus at right angles, Hence the 
director circle of this conic, and all other conics touching the four 
lines, pass th the point 0, so that the director circles of all such 
conies are 

Sinee the director circles are coaxal their centres must lie on a line, 
i.e, the loons of the centre of all conics which touch four sondage 
lines is a straight line passing through the middle points of 
diagonals of the quadrilateral formed by the four lines. 


sche If conics be drawn through four fixed points, prove that their 
lars with regard to a fixed point P pass through another fixed point 
2: and that BQ the ange at P to that conic of the system which 


passes through P, 


9 Prove that the envelope of the polar of a given point with respect 
to » system of conics inscribed in a given q is a conic 
inscribed in the diagonal triangle of the quadrilateral, Shew that this 
last conic i# a parabola if, and only if, the centre locus of the system 
passes through the given point. 

8, A system of conics passes through four fixed points. Prove that 
the loous of the pointa of contact of tangents drawn to them from 
another fixed point is a cubic ourve passing through the fixed point. 


Pick Shew that the polars with respect to two conics of a point on a 
t line intersect on a conic circumscribing the triangle 
eich j in self-conjugate with reapeat to the two conics. 


§, From the proposition of Art, 99, Ex. 1, deduce that ; 
a) the centre of a conic passing through the vertices of a triangle 
the ortho-centre lies on the nine-point circle of the triangle, and 


(2) the centre of a conic passing through the in-centre and the 
three e-centres of a triangle lies on the cireum-cirele of the triangle. 
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6. If on eash diagonal of a complete quadrilateral there be taken a 
pair of points dividing the diagonal harmonically, the six points so 
0 will lie on a conic. 


7, Sbew that the envelope of a straight line which is cut harmoni- 
cally by two pairs of opposite sides of a quadrilateral is a conio 
touching the two sides of the quadrilateral. 


8, Two conics, S and 5’, meet in A, B, C, D. If the tangents to S 
oF 4, © ateroees mS, Cen Che targets a C, D to § also meet 
on 


9, If three conics ciroumsoribe a quadrangle, a common tangent to 
any two is out harmonically by the third. [The points of contact of 
the tangent are the double polite of the involution delermlae’ hy the 


10. If three conics are insoribed in a quadrilateral, the tangents to 
two of them mariyytsacpny 2c had the be tanaenta tron that point 
to the third conic, form harmonic pencil. 


1], If two conics are inscribed in the same quadrilateral, shew that 
their tangents at a common point cut any diagonal harmonically, 


12, If two quadrangles have the same harmonic triangle, their eight 
preceare lie on a conic, which under certain conditions becomes two 
straight linea, 


AS. If two quadrilaterals have the same hermonio triangle, their 
re sides touch a conic, which under certain conditions reduces to 
wo points, 


14, nh an tS eS oo quadri- 
rage hee ee ints with respect to given conic, shew that 
the ends of the tl ‘third Blagonal are conjugate pointa alao. 


2”: Shew that the harmonic triangle of the uadrangle formed by 

the common acre sey two conics coincides with the barmonio triangle 

of the q formed by their common —- (Two conica 
have only one common eelf-conjugate 


16, If chords PQ, QR, RS of a conic pass three fixed 
collinear points, Ap ante PS passes threagh pap se, cei [Use 
Desargues’ Theorem. | 


17, The envelope of the polar of a fixed point P with regard to a 
rhode cag touching four given straight lines is a conio which 
touches (1) the three sides of the self-conjugate triangle of the conics, 

@) the ss lines obtained by joining P to any point o intersection, Q, 
the four lines and taking the harmonic conjugate of this line for 
the two common tangents through Q, and (8) the Pp ee at P to 
the — of the systems which pass through P, (Bleven-Line 
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18, From a fixed point 0 in the third diagonal of a quadrilateral 
PQES tangents are drawn to o series of conica inscribed in the 
quadrilateral, Shew that the loous of their points of contact is a 
eonio which passes through P, Q, R, and §. 
ado sone ov, te ep aries (or range) pecker by 

® polars (or & point (or with respeot to a system o 
four-point (or aa oh cones is the i for all positions of P. 

20, Shew that the locus of the foci of conics inscribed in the 
quadrilateral la +m§+ny=0 ia the oubic 

(aa+b8+cy) (Pa? cot A + mis? cot B + n*y? cot C) 

a] 2 2 
=(ebrtbresct) (i+ ae nt asc) 

[This cubic passes through the circular points at infinity and 
through the eix intersectiona of the four given lines,] 

9], A conic touches the sides PQ, QR, RS, SP of » quadrilateral 
PQRS and meets any straight line through a diagonal point in T' and 
I"; prove that P, Q, A, §, T and 7 lia on a conic, : 

92, If p,q are the perpendiculars from opposite vertices of a quadri- 
lateral, aay s those from the other pair of vertices, upon any tangent 
to a conic inscribed in the quadrilateral, prove that pr=kqgs, where k 
is & constant, 

If the conic be a parabola, shew that k=1, 

100, Conic referred to a triangle given by two 
tangents and their chord of contact. 

Let the vertives, B and (’, of the triangle of reference be 
two points on a conic, and let the tan- 
gents at B and C meet in the third 
vertex A, 

Then, as in Part I, Art. 409, the 
equation to the conic may be written 
in the form 

By = ka’. 


The coordinates of any point on this 
conic may be taken to be (¢, &, @). For 
these quantities clearly satisfy the equa- 
tion. 

The fact that any point on the curve 
can be so simply given in terms of one variable parameter 
makes this form of the equation very useful in many cases. 

The point (ft, &, ¢*) may be called the point “¢.” 
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The equation to the straight line joining the points “¢” 
and “¢'” is 


e, B, ¥ 

Lh # |=, 

i,k | 
is Me ee ee te ery | 
on dividing by the factor ¢’-¢ 


Putting ¢=¢ in (1) we have as the equation to the 
tangent at the point “¢” 
dkat — BF — ky = 0, 
_ The tangents at the points “¢” and “t,” meet at the point 
(é+6, 2h, 2t4). 
The straight line /a + mB + ny =0 is a tangent if 
kt -@ —k 
Tow s 
te, if [ = 4kmn. 
Hence the conic is a parabola if a* = 4kbe, 


101, If P be the point “¢,” the equation to BP is 
ta—y=0, and that to CP is ka - Bi=0. 

It follows that, if ¢ is given, the positions of the lines BP 
and C? are both unique, and hence P is known uniquely ; 
similarly, when P is given, ¢ is also definitely given. Between 
“*” and P there is thus a one-one correspondence, 

If ¢ be positive, the point P is on the part of the curve 
which is on the same side of BC as A is; if it be negative, 
then P is on the other side of B(’, as at P’ in the figure, 
When ¢ is zero, P is at the point B; when ¢ is infinite P is 


at C; for the equation of BP, which is a-l=0, then 


becomes a=, 4.¢. BP and BC then coincide, so that P is 
then at C. 


109. Bx. 1, The base of a triangle touches a given conic; its 
extremition move on two fired tangents to the conic, and the other sides 
of the triangle pass through fized points; shew that the locus of the 
verter is a conic pasting through the given points, 

Let the points of contact of the two fixed tangents be B and C, and 
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let them intersect in A. Take ABC as the triangle of reference, so 
that the equation to the conic is Sy = ka’, 

Let the variable triangle be LAN, where M lies on AC and N on AB, 

Binee MN touches the conis, ite equation is 

2kta - FA = ky=0. 

Hence M is the point (1, 0, 2t), and N is the point (t, 2k, 0), 

Let the fixed points through which LM and LN pasa be (a,, 61, 7) 
and (a3, By, 2) 

The equation to LM ia 
a PY 
a) Bis Ti 
1, O, 2 
ie, 2t (af, ~ a, 8)= ~ (By, - Bry). 

So the equation to LN is 

t (Bye — Byy) = 2k (ayy - 247). 
Hence, on eliminating t, we have, as the locus of L, 
(81 - By) (Bya— Bx) + 4k (a8, ~ 038) (wy - 247) =0, 

which is @ conic passing through the two fixed points. 

Mx. a. Shew that the equation to the circle of curvature at the 
point B of the conic By=ka* ia 

kb (0% ++ 2ay 008 B)=y (aa +b8+ cy), 

afd that the radiva of curvature is aa where Ria the radius 
of the cirewm-circle of the triangle of reference. 

The tangent at B is y=0. Hence by Part I, Art 386, IIT, the equa- 
tion to. cone having contest of the ssoowd order with tbe atvec 


conic at B is 
| By — ka? ++ (ha + py) =0, 
i.e, — ha? + py! + By + \ya=0, 
This is a circle if 
ub? — be =a! — ke? - hea = - kb, (Art, 85.) 
“. #b=e-bk and \b=a-2kb cos B, 
Hence the required equation is 
kb (a? +7 + 2ay cos B) => (aa+b8+ ey)... {1}. 
But, if P be any point on the circle of curvature, we have 
BFP*t=diameter of the circle x perpendicular from P on the tangent at B, 
80 that, by Art, 49, the equation to the cirele is 
t 
i Le Yo (aa +bB+ey) 7. 
Comparing this with (1), we have 
_ A _Raindsinc 
(“thaw kent 


=0, 
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EXAMPLES. 


1, The base of a triangle passes through o fixed point, and the 
extremities of the base move on fixed tangents to a conic, whilst the 
remaining sides touch the conic, Shew that the locus of the vertex is 
@ conic having double contact with the given conic, 


9, The sides of a triangle touch the conic @y=*u®, and two of ita 
vertices lie on the straight lines § - Ay =O and 8 - \gy=0 respectively; 
prove that the locus of the third vertex is 


(M+ hg)® fy=4khy Agal, 


9. The intersections of a straight line with a conic and its inter- 
sections with a pair of fixed tangents to the conic form a range of 
constant cross-ratio; shew that its envelope is a conic having double 
contact with the given conic. 


4, Given two points, B and C, on a conic, shew that the envelope 
of a chord PQ, such that B, P, C, Q give » constant crogs-ratio when 
joined to onl pg of the given conic, is a conic touching the given 
conic at B and C, 


5, A triangle is inscribed in a conio and two of its sides pass 
through fixed points M,N; shew that the third side envelopes a conic 
having doable eontot with the given conic at its intersections with 


6, A chord APP’ of a conic is drawn through a fixed point 4, to 
meet the curve in P and P, and on it is taken » point Q such teat 
OS eee shew that the locus of Q is a conic having 

oble contact With the given one, 


7, PP’, QQ’ and RR’ are chords of s conic which meet in a point A, 
and & is any other point on the conic. Shew that the points of inter- 
section of QR and SP’, RP and SQ’, PQ and SR’ lie on a atraight line 
passing through A. 


8, A family of conics have double contact at two given points B 
and C; shew that the loous of the points of contact of tangents drawn 
in a given direction is a conic passing through B, C and the intersection 
of the tangents at B and C. 


9, Two triangles are formed each by two tangents to a conic and 
their chord of contact; prove that their angular points lie on a conio, 
and that their six aides touch another conic. 


10, Find, in areal coordinates, the equation of the parabola, which 
touches the sides AB, AC of the fundamental triangle at B and C, 
and sbew that its focus is the point (I4 +c! -a?, b%, c*). 


EXAMPLES 107 


106. Bx. 1. If two triangles ABC, A'B’C’ are inscribed ina conie, 
oo touch a conic, and they are self-conjugate with respect to 
a conic. 


Take ABC as the triangle of reference, and let 4’, B’, C’ be the points 
(915 Bis Yi)> (2s Bas ys) and (ag, Bs, >). 


Let the first conio be 
Lpy+Mya+Nas=0 TTTPTiTieerrirtiriri ty (1) 
Then, as in Art, 90, the equation to B’C’ is 
Ie MB Ny 
Tae ee an ae Ouran Re oe: Aa ne 2 fe 
a4; * BBs 273 ie 
Any conic inseribed in ABC is 


Tye t MB + Ny yHO cocccecsccsesns (8) 3 
and, by Art. 91, (2) touches (3) if 


MN NL LM 
L, ———-- + M, ———_+N, ——-=0, 
; BPsrvis ’ "nee ' @y05 88s 
and this is satisfied by 
Lt Mm Ni 
=——_., =-——— and 4; =—— 
i Bi Bos yn 
ainee the point A’ lies on (1). 
Hence B'C’ touches the conic 


ye _ 8 pat 
- ajaqa3* sat 9/ ao ’ 
and, by symmetry, the conio will be touched by C’A', 4'B’ also, 
Again, any conic self-conjugate with regard to ABC is 
Lya'+ My H+ Noy'=0, 
sata Pir nibs de. 4°, is the pole of BC’ with respect to this 


ep tpt 


aga, By WY 
: : 
fe, for the conio —* 5 MM, Nyt _ 
Sagas 8) 2Bs 1 y27 
and eo, by symmetry, 2’ and (' are the poles of C’4' and 4’B’ with 
reapect to it. 
It follows that all triangles insoribed in the conic 
Lpy+Mya+Naf=0, 
and touching the conic ,/ia+ ./mB+ ./ny=0, are self-conjugate with 
reapect to the conic 


pate h pat tao, 
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Bx. 2, [f the sides of two triangles ABC, A'B'C" touch a conic, thetr 
angular points lie on a conic, and they are self-conjugate with respect to 
a third conic, 


Take ABC as the triangle of reference, #0 that the equation of the 


first conio is Ve gre 
nl Tat nf MB + [Ny HO ssrcssverssrsevrsenee(l)s 
_ coordinates of the points of contact of B’C’, C’d’ and 
A’ 


(a:, Br, v1) (a3, Be, vi) and (a3, Ba, Ya)» 
Then, as in Art. 91, the equations to B’C’ and C’A’ are 


L M N_ 
fatealgtra/sn® 
L M N 
and on /Esea/ atta) n=O 


These meet at the point (,/a,a9, » Wrni7a)) since the co- 
ordinates of the dion pepe Be a Me (1). 

So the points of intersection A’ and B’ of the other tangents are 

(x/éaes, VB2Ps, Vynva) and (Jaa1, /BsBi, 0/9): 
These all lie on the conic 
Lajogas By + »/ MB faBsyat N17 08 =0, 

which is # conic cireumacribing the triangle ABC. 

As in the preceding example; it is easily seen that both triangles are 
self-conjugate with reapect to the conic 


L M N 
/—_a&t+, / ——B —- 7 =0. 
By Gg dy : J apn nant 
It follows that all conics circomseribing the conic 
-/La+ [MB + /Ny=0, 
and inscribed in the conic 
Ipyt+mya +nap=0, 

are self-copjugate with reapeot to the conic 


L MW. N, 
—er+ — — ae =(), 
j +S P+ 0 


mx. 8. If two triangles ABC, A’B’C' are self-conjugate with regard 
to a conia, their six vertices lie on a second conic and their riz vides 
touch a third conic. 


Let ABC be the triangle of reference, so that the first conic is 
Io? + mp? + nyt=0....,..0.- caayeseimainaiae ens 
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Let 4’, B’, C’ be the points 


(a, Bis vi) (ay, Ba, Ya) (a3, Ps, 3): 
Since each is the pole of the line joining the other two, we have 


Leng tty +10 By fy + ey 97¥y =O os ceccsnecsesrroneeel’d) 
laa, +mA38) +0497 =0 nud tohbawnt duaesersentiite 
and Ding hg IM By By + yy YQ =O oo. cece eeeeenenens (A 


Bat these are the conditions that the points 4’, B’, C’ lie on the conic 


bey eees ™P1P abs | ae -(0 (5) 
, a ia deniéaaies ers | P 


which olearly passes through 4, B, and ma 
Again the equation to B’C’, the polar of 4’ with reapeot to (1), is 
laa, +mPf, +nyy=0, 
and this touches the conic 
JTa+ ./p+./Ny=0, 
if, by Art. 91, Lmn§,7,+Mnlyya,+Nlma; 6; =0, 
whioh is satisfied if 
L=Payaja3, M=m",p,85 and N=n!+, 775, 
since (2) is true. 
Hence B'C"’ touches the conic 


n/a; agaza+m 4/B, 338 +2 4/n1ya797=0 .... voor (6), 


so, by symmetry, do Gd’ and 4'B', Also Gils esate is tovshod 
ty a lde of tha Glngle 4B 


mx. 4, If two conics §, Sy are such that one triangle can be 
reste tle Leceal recesdge Bonet” then an infinite number 
of such triangles can be drawn, (Ponoelet's rem.) 

Let ABC be the given triangle which is inscribed in S, and cireum. 
scribed about 5,. separ dy tangent to S, to cut S, in B’ and C’, 
and from B’, C’ draw the tangents to Sy to meetin 4’. By Ex, 2, 
since the sides of the triangles ABC, 4'B'C’ touch a conio, their 
sugular points lie on # conie, i.e, 4’ lies on the conic determined by 
the five points A, B, C, B’, 0’, ic. 4’ lies on 3,. Bo fot any other 
tangent B’O" drawn to Sy. 


cyte fo yen eerie i rumor le which is self. 
br i; san be inserted tu lor clrecmscribed teh Gq, then on 
number of triangles can be so described, 

[Let ABC be the given triangle; let A' be an eed oro 
siesta fos ets 7s also let the po 
A'C", of B' meet B'C' in C"; apply Ex. 8 to the two trlanglee ABC. 
ABC", which are self-conjugate with respect to S,. Similarly, for 
the seoond part, by starting with any tangent B’C” to 8,.] 
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104. Areal Coordinates. Much of the preceding 
Chapter holds for Areal Coordinates as well as trilinears ; 
the chief differences are set down here. 

The conic represented by the general equation 

$ (a, y, 2) = aa? + by" + ca" + 2/ys + gaa + Qhay=0 
is a parabola if (Art. 74) 
A+B+C49F 42642H=0; 
it is @ circle if 
b+c-2f c+a-y at b—2h 
: a? = b,? c! 
and it is a rectangular hyperbola if 
aa," + bb," + cc,*— 2,0, coa.d — 2ge,a, cos B — Jha, b, cos C = 0. 
(Art. 80.) 





(Art. 85) ; 


Its centre is given by 
an, + hy, + ga = ha, + by, +fm=9m +f +m, 
dp _dp dd 


1.6. —=—=—, 
az, 
and is thus the point 
(A+ H+G, H+ B+F, G+ F+C). (Art 78.) 
The equation to the circum-circle is 
a, yz + bjar + o'zy = 0. (Art. 83.) 
The equation to any circle is 
afys + bjax + cfay = (x+y +2) (h'a+ tty + 42), 
where ¢,, ¢,, ¢ are the lengths of the tangents to the circle 
from the points A, B, C of the triangle of reference (Art. 86). 
That of the in-circle is 


af vets | yoot +, / soot? =o. (Art. 87.) 
The e-circle opposite A is 


[eet 4s ,/ytan 34 , / stan =0, (Art. 87.) 


The nine-point circle is 
bye, cos Az* + ¢,a, cos By* + a,b, cos Cz" 
—a,'yt—b,'2x—c,'2y=0. (Art. 87.) 
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The self-conjugate circle is 
Boot A+y*cot B+2*cot('=0. (Art. 87.) 
The foci of the general conic are given by 


4(b+0-2f) b (a, y, )- (2-2) 
———— 


dy 
= two similar expressions. (Art. 89.) 
In general if the trilinear equation 
aa? + bB + ey? + 2fPy + Igya + 2haf = 0 
represents the same conic as the areal equation 
a,2° + byy" + 0,2" + Bfiys + 29,20 + Bh,ay = 0, 


then. si me = ss = =. : 
— aa 58 cy 
we have 
Gytiy' _ D,by' oye! = fants _ Gita _ Iidaby 
a b ¢ f g h 

where @), ,, ¢ are the sides of the triangle of reference. 

These relations enable us to transform the coefficients in 
a trilinear equation to the ls aa coeficients in an 
areal equation, and conversely. 


EXAMPLES. 
vot pela ah are ari rege Ae B, C of a triangle with 
conic meet the opposite sides in thres collinear si 
cd tit to ea joining A, B, C to the poles of the opposite si 


a ee ciel wi ira the sides HC, CA, AB of a triangle 
ench that = Gea prove that each of the sides of the triangle 
PQR touches a fixed parabols. 

3, Determine all the common tangents of the conics 

y? +2! + dys + Qey=0 
and zi 4 y84 02! - Gys - Ger —Ary=0. 
4, Shew that the equation 
af (m—n) (y-2) + /(n- I) (e-2) + /(l—m) (9) =0 


represents only a pair of coincident straight lines. 
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5, Shew that the pair of tangents that can be drawn to the conic 
2 (cos B-a cos 4) y- 008 C=0 
ae eens Set ont ee eet eee 
ul A=B, 


§, Sbhew how to find the condition that two given conics may 
intersect in four concyclic points. Prove that, if a, b, ¢ are the sides 
of the triangle of reference, the conica 

py+ya+a8=0 
and a(b+c)e?+6(e+a) f+ (a+b) - Ibe fy - 2ea-ya — Jabas=0 
satisfy this condition, and find the equation to the circle through their 
points of intersection. 

7, Shew that the general equation in ares! coordinates of a conio 
which passes through the middle points of the sides of the triangle of 
reference is 


fz(z+y—2) toy (8+2-y) +h (yt+e-2)=0. 
Find the ratios of f, 9, h that the equation may be that of the nine- 
point circle of the triangle. 
8, Shew that the three pairs of straight lines 
ya%+ Ddbyoh+c,H=0, ag8%+ Bbyhy+cqy'=0, 
and ayy" + Qby-ya+cga?=0 
will touch the same conic if a;ayay=c,cyey. 
Shew that the three perpendiculars from the angular points of 
eaewe upon the opposite sides and the three medians al] touch o 
ann 


Q, Prove that the lines joining each angular point of o triangle 
to the points in which the opposite side is cut by a conio all touch 
another conic. 

10, Tangents drawn from the angular pointe of the triangle of 
reference to the conic 

aa? + Bt + cy2+ Of By + Igy + 2hap=0 
meet the opposite sides in six points; shew that these six points lie 
on the conic d 
BCa!+CAp'+ AB - 24 F By -28G+0-2CHaf=0, 
where 4, B,,.. have the usual meaning, 
Bhew alao that the above two conics and the conia 
la Gh—af) + JB (hf- bp) + a/7(fo-eh)=0 
have a common inscribed quadrilateral. 


Ll, It two ht lines are conjugate with respect to a conic, 
ahew that they, and the two tangents drawn to the conic from their 
point of intersection, form a harmonic pencil. 
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13, Through two fixed points are drawn two lines conjugate with 
respect to 6 given conio, Meier kad aie on tenes 
section is a conic, g thr the through 
points of interseelion of their polars with the conic 

13, Each angular point of the triangle of reference is joined to 
two fixed points (a,, 6;, y;) and (a), 89, ‘ys); shew that their six 

Riecssolins Sith ts coptlie Laat 


— opposite sides of the triangle lie on 
we a gee a 
0 BB ny tata | 


on(oel-eL rea 


14, If two triangles 4BC, 4'B’0’ are such that 4, B, C are the 
poles of B'C’, C’a’, AB’ with respect to a conic, shew that the triangles 
are in perspective. Prove also that their centre of perspective is the 
pole of the axis of perspective with regard to the conic. 

15, A ght line drawn through a fixed point A cuts a conic 
passing th two fized points B and ( in P and the line BC in 4,; 
on it is ge oc apse hae that the cross-ratio of A, P, 4,, Q is 
constant; ahew that the locus of Q is a conic through B and C. 

16, Prove Carnot’s theorem, that if a conic meets the sides BC, 
CA, AB ofa triangle in A; and Ay, B, and Ay, C; and C;, then 

AB, . AB,. BC, . BC,. CA, ‘ CAg=CB, * CBy.AC,. ACy. BA, » Bag. 

[Use Areal Coordinates, ] 

17, Obtain the condition that the general equation in trilinear 
coordinates shall represent a rectangular hyperbola from the fact 
that its intersections with the line at infinity form with the circular 
points at infinity a harmonic range, so that these ciroular points are 
conjugate with respest to the conic. 

18, In Areal Coordinates shew that the tangential equations to 
the circum-cirele, in-cirele, self-polar circle and nine-point circle of 
the triangle of reference are respectively 

anlpt+bJq+er/r=0, 
(b+¢-a) gr+(c+a—b)rp+(a+b-c) pg=0, 
p* tan 4+" tan B+r*tan C=0, 
and anfqer+bJ/rtp+e/p+q=0, 
where a, b, ¢ are the aides of the triangle of reference. 

19, Shew that the equation of the circle of curvature at the point 
A of the conic LAy + Mya+Naf=0 is 

aLMN (+++ 284 cos A) 

= (M* +N? - 2MN cos A) (NA+ My) (aa+68+ cy), 
Lu 8 
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and that the corresponding radius of curvatare is 
be (M*+ N?-2MN cos A)4 
al LMN , 
where R is the cireum-radius of the triangle of reference. 


90, Shew that the radical centre of the escribed circles of a triangle 
ia the cantre of the inseribed conic whose equation in areal coordinates 


ig jaz+./by+ fer=0. 


1. If two conics have esch double contact with « third, their 
chords of contact with the third conic, and a pair of their chords of 
intersection with each other, all pase th the eame point and 
form a harmonie pencil. 


92, If three conics have double contact with a fourth, six of their 
chords of intersection pags, three by three, through the same point, 
and form the sides and diagonals of a complete quadrilateral. 

93, Two triangles are inscribed in a given triangle and are in per- 
spective with it; shew that a conic self-conjugate with respect to the 
given triangle can be drawn to touch their six sides, 

If the two triangles are circumecribed to the given triangle and are 
in perspective i 


a 


with it then, similarly, s conic, eelf-conjugate with 
regard to the given triangle, can be drawn through their six vertices. 

94, If the lines joining the vertices of the triangle of reference to 
those of the points in which the conic 


aa? + b6t + cy2+ 2/8) + 2gyat 2hap=0 
meets the opposite sides are concurrent, the same is true for the other 
two points, and the condition for this is 


abc - 3fgh- af?~ bg! - ch? =0. 
[Let three of the lines be 8- py=0, 7 -ga=0, and a-r§=0, oo that 
por=1. Since B-py=0 is a factor of 
B+ Bfpytey2=0, -. -af=ip+., 
aud so for the others, | 


~~ Wh= (i945) (945) (#45) 


4 , 
= tale + + ce tabipt beg ca*r*, since pgr=1, 


=~ 4dabe+a (<4 ) +. + ...= —dabe + 4af + 4bg* + deht, | 


CHAPTER IV 
MISCELLANEOUS THEOREMS 


[This Chapter may be omitted by the Student on a first reading.) 


105. Pascal’s Theorem. [f a hexagon be inacribed 
in @ conic, the points of intersection of the three pairs of 
oppostie sides are collinear. 

Let ABCDEF be the hexagon; let AB and DE meet in 
P, BC and #F in Q, and CD and FA in R. Then PQR 
shall be a straight line. 





Take ADP as the triangle of reference, so that the equa- 
tions to DP, PA, AD are respectively a=0, 8 =0 and y=0, 
Let 5= la + mB +my=0 be the equation of BE. 
Then the equation to the conic is 
Let the equation to CD be a=Ay, so that, by (1), the 
equation to BU is | 
AB = kb. 


Let the equation to AF be 8 =py, so that similarly the 
equation to ZF is 
pa = ké. 
Then P is given by 
B=0 and a=0; 
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cipal AB=k8 and kb 
=O ADO apn = 

and R is given by 
a=)y and B= py. 

All three points lie on the straight line whose equation is 

ap = AB. 

106. Brianchon’s Theorem. If a hexagon circum- 
scribe a conic, the lines joining its opposite vertices meet in 
@ point, 

Take the figure of the previous article, Let the tangents 
at A, B meet in X; the tangents at B,C in Y; those at C, 
D in Z; those at D, Fin U; thoseat £, F in V; and those 
at F, A in W. 

Since the polars of X and U, i.e. AB and DE, pass 
through the point P, therefore the | pi a through 
X and U, i, the polar of P is XU, 

So the polars of Q, R are YV and ZW. 

But the points P, Q, 2 have been shewn to lie on a line. 
Hence, (Art. 12), their polars ineet in a point, «.¢. the three 
diagonals of the hexagon XYZUVW meet in a point. 


107. By taking the points A, B, C, D, #, F on the conic 
in different orders we shall obtain sixty different hexagons. 
For if we keep one of them, 4, fixed we can permute the 
other five points in |5 different ways, and the number of 
different hexagons is obtained by dividing this number by 2. 
For any such permutation as BFDEC, when joined to 4, 
gives the same hexagon as it does when reversed as CL DFS, 
since the hexagon ABFDEC is the same figure as ACE DFS, 
Hence altogether there are sixty such hexagons, and sixty 
Pascal lines. 

These Pascal lines pass three by three through twenty 

ints, To prove this, let the alternate sides of one of the 
a ons be produced to form two trianglea. Thus, taking 
the hexagon ABC DEF, let FA, CB meet in X, FA and DE 
in Y, DE& and BC in Z, CD and EF in X', AB and CD in 
Y’ and finally AB and £F in Z', 

Then, since by Pascal’s Theorem the corresponding sides 
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of the triangles X YZ, X’ Y' Z' meet in collinear points, they 
are coaxal and therefore copolar, i.e. XX’, YY’ and ZZ’ are 
concurrent, 
But XX', YY', ZZ' are respectively the Pascal lines of 
the hexagons EFADCB, BAFCDE, and FEDABC. 
Similarly for six tangents to a conic there are sixty 
Brianchon points, which lie three by three on straight lines. 


108. When the angular points A, B, C, ... of a Pascal 
are 80 
that the Pascal line cute the 
conic, an easy analytical 
roof may be obtained for 

bh Pascal’s and Brian- 
chon’s Theorems. 

Let the line joining the 
intersections of AB and DE, 
and of BC and £F, cut the 
conic in B, Ci; let A, be 
the pole of B,C, and take 
A,B,C, as the triangle of 
reference, 80 that the equa- 
tion to the conic is 





Brwiil capistisckagasdeee dd 
Let the parameters of the points 4, B, C, D, E, F be 
thy tar bar bas bor bos 


The equations of AB and DE are 
—k(t,+t)a+Btty+yk=0, (Art, 100) 
and — k(t, +4,) a+ Bt,t, + yk =0. 

Since they meet on a=0, 

Ca Aerator onrerer (2). 
So, since BC, HF meet on a= 0, 

Amy Sy Eee rrerrerer ere (3). 
From (2) and (3), we have 

byt, = tty, 


so that similarly the point of intersection, A, of CD and FA 
lies on PQ. 
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Brianchon's Theorem. Draw the tangents at A, B,C, ... 
80 as to form a hexagon. 

The tangents at A, B meet at the point 

(h+ty, 2h, 26,4). (Art, 100.) 

The tangents at D, # meet at 

(t+ ty, 2h, 20,6). 
Since ¢,,=¢,4,, these two points lie on the line 
fit, by — ky = 0, 
which passes through the point 4,. 

Similarly the other two lines joining opposite vertices of 
the new hexagon pass through A,, and so they are concurrent. 

Cor. It follows that the point of concurrence of the three 
diagonals of a Brianchon hexagon is the pole of the Pascal 
line of the hexagon formed by joining the points of contact 
of the sides of the Brianchon hexagon. 

Also that the Pascal line of a Pasca] hexagon is the polar 
of the Brianchon point of the hexagon formed by the inter- 
sections of the tangents at the angular points of the Pascal 
hexagon, 


109. By means of Pascal’s Theorem we can construct a 
conic passing through five given points A, B, C, D and £. 
For through £ draw any line to meet the conic in a point X 
to be determined. By Pascal's Theorem the intersections of 
AB and DE, BC and £X, and CD and XA are collinear. 
Hence, if the first two pairs meet in P and Q, and PQ meet 
CD in &, then RA cuts FX in the required point X. Thus, 
by drawing different lines FX through Z, we can determine 
a8 many points X as we wish. This construction clearly 
simplifies into; Draw any line through P the point of inter- 
section of AB and DE and let BC, DC meet this line in Q 
and 2; then the intersection of Q£ and RA is a point X 
on the conic, 

110. Similarly, by Brianchon’s Theorem, we can construct 
by means of tangents a conic which touches five given straight 
lines P, Q, R, 8, 7. For let P and Q meet in the point Y, @ 
and Rin Z, # and § in U, and S and T'in V. Take any 
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oy X on the line P; join XUV and YV to meet in 0, and 
et 20 meet the line 7’ in W; then XW is the other tangent 
through X. By taking different points X on the line P we 
can construct as many tangenta as we please. This construc- 
tion clearly simplifies into: Take any point 0 on YV; draw 
U0 and ZO to meet the tangents P and 7’ respectively in the 
points XY and W; then YW is a tangent, 


111. By Pascal's Theorem we can draw the tangent at 
any point A of a conic through A, B, C, D, E. For, in this 
case, the point J of the general theorem is the next point 
to A on the curve, and indefinitely near coincidence with it, 
The line #F of the general construction is now FA, Let 
then 4B mest DE in P, BC meet FF, ie. HA, in Q, and 
CD meet PQ in R; then R lies on FA, i.e. on the tangent 
at A, Hence, joining RA, we have the tangent at A. 


112. By Brianchon’s Theorem we can find the point of 
contact of any tangent P of a conic which touches the five 
lines P, Q, R, 8, T. For let P and Q meet in Y, Q and R 
in Z, Rand Sin U, Sand Tin V, T and P in W, and let 
X be the required point of contact of P. We may then 
consider the one tangent WY to be replaced by the two 
tangents WX, XY which are indefinitely near coincidence, 
and whose meeting point is. X. Then XYZUV W is e hexagon 
circumscribed to a conic so that YU, YV, and ZW meet in 
a point, t.e. X is the point where the line joining U to the 
point of intersection of YV and ZW meets WY, 


EXAMPLES. 


1, From Paseal's theorem deduce that if » conic ciroumeoribes a 
triangle the tangents at the angular points meet the opposite sides in 
collinear points. 

4. From Pasoal's theorem deduce that the tangents to a conic at 
two opposite vertices of an inscribed quadrilateral meet on the third 
diagonal, 

3, Shew that the hexagon formed by the six lines in order which 
are obtained by joining alternate pairs of vertices of a Brianchon 
hexagon ABCDEF isa Pascal hexagon. [For the triangles AEC, DBF 
are copolar and therefore coaxal.] 

Similarly the hexagon formed by producing to meet alternate sides 
of a Pascal hexagon is a Brianchon hexagon. 
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4, From any point of the ciroum-cirole of a triangle ABC . 
diculare are drawn to the sides BC, CA, AB which meet the circle 
again in D, FE, F reapectively, Shew that a conic can be drawn to 
tonch the six straight lines AB, BC, CD, DE, EF, and FA. 


§. From Brianchon's theorem deduce that the ortho-centre of a 
triangle ciroumsoribing a parabola is on the directrix. 

6, If two triangles are in perspective deduce from Pascal's and 
Brianchon’s theorems that the straight lines joining non-corresponding 
vertices touch o conic, and that the points of intersection of non- 
corresponding sides lie on a conic, 

7, From the theorem that if two triangles are inscribed in a conio 
they also are circumscribed to a conic, deduce that the 60 Pascal lines 
formed from six points intersect three by three in 20 points. 

Make use of Pascal's Theorem to construct a conic, given: 

§, four points and the tangent at one of them [F and A coincide 
but F'4 is given in direction), 

9, four pointe and the direction of an asymptote, 


10. three points and two lines parallel to the asymptotes, finding 
also the finite points where the two lines cut the curve, 

11. one point.and the position of both asymptotes. [The two points 
at infinity 0, and 0,’ on one asymptote are given, and so fi, and Q,'.] 


12, two points, the position of one asymptote, and the direction 
of the other, 


Make use of Brianchon's Theorem to construct a conic, yiven ; 

13, four tangents, and the poini of contact of one of them, 
i.e. really five tangents, two being coincident in direction, but with a 

finite point of intersection). 


14, three tangents, and a given line a3 an asymptote. 


15, four tangents, the conic being a parabola, [If two of the 
tangents meet the line at infinity in (), 07’, then M0" is the fifth tangent. ] 


16. Given four points on s conic, and the tangent at one of the 
points, construct the tangents at the other three points, 


17. Given four tangents to s conic, and the point of contact of one 
of them, find the points of contact of the other three tangents, 
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Harmonic Locus and Harmonic Envelope. 


113. To shew that the locus of a point the tangents from 
which to two given conics form a harmonic pencil [the 
tangents to each conic being conjugates] is a conte having a 
common. self-conjugate triangle with the given conics. 

Take the common self-conjugate triangle of the two given 
conics as the triangle of reference, so that the two conics are 

S= La’ + MB + Ny =0, 


and SS La? + M+ Ny =0, 
The equation to the tangents from (a’, f’, y') to the first 
conic is 


(La? + MB*+ Ny) (Lo* + MB*+ Ny’) 
= (Laea’ + MBB’ + Nyy’). 

The equation to the straight lines joining the point 4 to 
the intersection of these tangents with BC is obtained by 
putting a=0 in this equation, and is thus 

MP (La” + Ny") - 2M N By By + Ny (La + MB") =0 

enka (1). 

The similar pair of straight lines for the second conic are 

M, 8 (La + Ny") - 2M, NW, B’y By + Ny (L,07 + MB") =0 
“unsnte 

If the four tangents form a harmonic ~~ (the tangents 
to the first conics being conjugates and also the tangents 
to the second), so also do these two pairs of straight lines, 
and hence, by Art. 61, 

MN, (La + Ny") (Ly? + M8") 
+ M,N (L,a%+ ¥,y") (La? + MB) =2MN M,N,B"y". 

Hence the locus of (a’, f’, y') is the conic 

LL, (MN, + M,N) a + MM, (NL, + NL) B 
+ NN, (LM, + LM) 7 = 0, 
which has the triangle of reference as a self-conjugate conic. 

This conic is known as the Harmonic Locus, and is often 
denoted by F = 0. 
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114, To shew that the envelope of a line whose ponis of 
intersection with two given conics form a harmonic range 
(the two points of intersection with each conic being conju- 
gates) is a conic having a common self-conjugate triangle 
with the given conics, 

The conics being 

La + MB'+ Ny=0 and Lo" + MB" + V7 = 9, 
the equation to the straight lines joining the intersections 
of the first conic with the straight line 

la + mB + my sO ....eeeeeseeeeeane(L) 
to the point A of the triangle of reference is 
L (mB + my) +P (MB + Ny’) =0, 
te.  (Lm'+ MP) B+ 2LmnBy + (Ln? + WP) YP =0, 

So, for the second conic, the corresponding equation is 

(L,m* + M, 2) B+ 2L,mn By + (L,n* + WP) =0. 

These form a harmonic pencil if (Art. 61) 

(Lm! + MP) (L,n* + N,P) 7 

+ (Lym? + MP) (Ln? + NP) = 2LD, min’, 
Le. if 

P(MN, + M,N) +m (NL, + NL) +0 (LM, + L, lay 

But (Art. 94) the envelope of the straight line (1) with 
the condition (2) is 


“ye eee + lee =(), 
_MN,+M,N NL,+N,L 0 LM,+5,M 
This conic is known as the Harmonic Envelope, and is 
often denoted by F’ = 0. 


115. Similarly, if we proceed, as in the two previous 
articles, to find the Harmonic Locus and Harmonic Envelope 
for the conics given by the general equations 

S = aa? + bB* + cy + 2fBy + 2gya + 2haf =0, 
and = S' Sa‘a*+ b'f'+c'y? + 2f'By + 2g'yat 2h'oB = 0, 
we should obtain for the harmonic locus 

PF =(BC'+ BC-2FF') a+... + 0 

+2(GH'+G'H-AF' - A'P) By t ont =O, 
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where A, B, ..., 4’, B,... have the same meaning as in 
Art. 72, and for the tangential equation © of the harmonic 
envelope we should have 
B= (be + b'o-2 77") P+... +... 
+2(gh'+gh—af'-aif)mn+...+...=0, 

from which the point equation F’=0 of the harmonic 
envelope could be found, The work is however very heavy, 
and the results are only put here for reference. 


Mx. 1. If both Sand S’ touch « given line at a given point, shew 
that the harmonio loons and the harmonic envelope touch the given 
line at the aame point, 

Bx. 2. When two conics have contact of the third order, the 
harmonic locus and harmonic envelope coincide, 


(Take the angular point ¢ of the triangle of reference as the point 
of contact, BC as the tangent at C, and CA as the polar of B; then 
the conics are aa’ + bf" +2gya=0, and a’a*+bs*+2¢ya=0, The two 
loci are given by (a+ a’) a? + 2b6"+4¢ya=0, ie, by §+5'=0.] 

Bx. 8, Shew that the barmonic locus and barmonic envelope of 
the conic By = ka’ and #y=k, a! are Py=ra® and By=sa', where r and 
s are the harmonic and arithmetic means between k and k, . 


Ex. 4. Shew that if 6k,k,4;=-1, then for any two of the conics 
By=k, a’, ya=k, 6", and o8=k,y’, the harmonio locus and harmonic 
envelope are the third of the conics, [Three euch conics are called a 
harmonic system. } 


116. Tangential equation to the common points of 
Se Lai + UB + NY =0 and S = La + MB + Vy =0, 

We want the condition that the straight line 

la + mB + ny = 0 

may pass through the intersections of 4 and 4’, 

Solving $=0 and §’=0 for a, 8B, y we see that the 
condition is 

+1./MN,- M,N +mJ/NL,-N,Lin JIM, -L,M=0, 
1.6, 

(MN, - MN) +... 4... 

— 2min? (NL, — WV, L) (LM, -L, M)-...-... =0, 
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i.e, 
[? (MN, + MN) +m? (NL, + VL) +0? (LM, + LM)? 
=4U MN M,N, +... 4.4 4mtn LL, (MN, + MN) 4+ to 
=4(P? MN +m NL +n' LM) (OM, N, +m N,L, +L, M,), 
ive, O= 433, 
where 3 =0, 3’ =0 are the tangential equations to the two 
conics, and @ = 0 is the tangential equation to their harmonic 
envelope. [Art. 114, equation (2). 
Again the tangents at the common points of 5 and 5 are 
+L (MN, - M,N) a+ MV(NL,-N,L) Bp 
+N V(LM,-1,M) y=0, 
and 
+L, V(MN,- HN) 0+ M, /(NL,- 5,1) p 
+ WV (LM,-1,M) y=0. 
The coefficients of a, 8, y in each of these equations 
sutisfy the equation 
20 (MN, + M,N )+...+...=0, 
i.e. the line coordinates of these eight common tangents all 
satisfy the tangential equation of the harmonic envelope. 
Hence The eight common tangents at the four common 
points of two conics all touch another conic which is the 
harmonic envelope of the two conica. 
117, Equation to the common tangents to the conics 
S = Le + MB + Nfp=0 and §' = Lo? + MP + Ny =0. 
The two conics are touched by fa + mf +ny=0 if 
Ym x fw 


Ltt y=” and | Aaa as lo. 


so that 7 
ae 
JLL,(MN,-H,NV) JMM,(NL,-N,L) 
+n 


” NN, (LM,—L,M)’ 
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and the common tangents are therefore 
+aNLL, (MN, — M,N) +8 JUM, (NL, - 1) 
; +y NV, (L¥,-1,M) =0, 
4. 
a‘ J*L,2(MN,- M,N) +... +... 
— 26 MM, NN, (NL,-N,L)(LM,- L,M)-...-...=0, 


1.6, 
[a LL, (MN, + MN) + MM, (NL, + N,L) 
+P NN, (LM, + L,M)} 
=4o° LD MM, NN, +... +... 
+411, MM, NN, (MN, + M,N) By +... +... 
= 4L1,MM, NN, (Lat + MB + Ny) (Lye? + M, 6+ ¥,7"), 
Le. P= 444'S5', 


where A, A’ are the discriminants of S and S$’ and F=0 is 
the equation to their harmonic locus. [Art. 113.] 


Also the points of contact of the common tangents with 
S are easily seen to be 


+ 9/2 ur, Wm + / Barh-¥1) 


ta/ + (LM, - L,M), 


and those for S’ are 


L M 
t/tum-mn, +/Xun-m0) 
L, iM, 


-¢4/ Fag ba, 
1 


These all clearly lie on the conic 
P= LL, (MN, + M,N)a'+ MM, (NL, + NL) 
+ NN, (LM, + LM) =0, 
Hence The eight points of contact of the common tangents 
to two conics lie on another conic which is the harmonic 
locus of the two conics, 
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118, 7o find the locus of a point the tangents from which 
ep ia conics form a pencil of constant cross-ratio equal 
With the notation of Art. 113, if the straight lines (1) 
and (2) are respectively 
(B= p,y) (B-pry)=9, and (8 - psy) (B- py) = 9, 


ten (Par) (Pa Ps) _ 


(Ps — Ps) (P; - Pa) 
go that 
A-1_ (i= Ps) (Pr-m) 
A+] 2p,p,+ 2papy - (p, + Ps) (Po + Pa) 
Now 


(P, ~ Ps)" = (Pi + Ps)’ — 4PiPs 
_ 4 MN By —4 MN (La! + Ny? 
ett ay? 
_ —4LMNa".§ 
= WA (Ta + Hy?" 
and similarly for (p,—p,)°. 
Hence 
A-1_ a VIGLMNS. 1, MN, 5' 
A+] 207 (LL, (MN, + MN) 07+... +00)’ 
after some reduction, #.¢. 
(F55) Pra 44a, M,¥, 88 = 408" 89 
is the equation to the required locus. 

Cor. If \=-1, so that the cross-ratio is harmonic, the 
locus reduces as before to F = 0. 

If A=1, then, as in Art. 8, the tangents drawn to one of 
the conics coincide, and the locus reduces to the conics 
themselves. 

If A=0, the tangent drawn to one of the conics must 
coincide with one of those drawn to the other conic, and 
the point from which they are drawn must lie on one of the 
common tangents, Hence the locus reduces to F* = 4445S’, 
which we have already seen to be the equation to the four 
common tangents. 






(La + MB") 
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Constant Cross-Ratio Property of Conics. 

119. To shew that the cross-ratio of the lines joining any 
variable point of a conic to four fixed points on tt ts constant ; 
and that four fixed tangents cul any fifth tangent in a range 
whose crose-ratio is constant, and equal to that subtended by 
the points of contact of the four fixed tangents at any pont 


Take as triangle of reference any two tangenta 4B, AC 
to the conic and their chord of contact BC, so that its 
equation is 

By = ka’. 

Let the fixed points be “¢,,” “4,” “4,” and “t,,” and 
let any other point be “‘¢,” 

The line joining “¢” and “é,” is 

ak (t+ t,) — Bit, — yk = 0, (Art. 100) 
1.8. (y— at) k = t, (ak — Be). 
So the other three lines are 
(y— at) k= (ak — Bt), 
(y-at) k= t, (ak Bt), 





and (y—at) k=t, (ak — Bt). 
By Art. 63 their cross-ratio 
_(4=4) (4-4) 
(4-4) (4-6) 
and is thus the same for all values of “¢.” 
The tangent at ‘‘¢,” is 
2akt, — Bt — yk =0, 
and that at “¢” is 
2akt — Be! — yk = 0. 


Hence the line joining their point of intersection to the 
angular point C of the triangle of reference is 
2ak (t, — t) = B(t'—€), 
its Qak — Bt = 1,8. 
The corresponding lines for the other three tangents are 
Dak Bt= hf, 2ok-Bt= 18, and 2ok - pt 1,8 
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By Art. 63 their cross-ratio 
_ (4-4) (4 = 4) 
(t~ 4) (4 - 4) 
and this by the foregoing is the cross-ratio of the pencil 
subtended at any point of the conic by the points of contact 
of the four fixed tangents. 


Cor. If we take two of the fixed points as the points 
B, C of the triangle of reference then ¢, = 0, f,=@, and the 


cross-ratio of the pencil subtended becomes 2. 
4d 

Wx. Deduce Pascal's Theorem from the oross-ratio property of four 
pointe on a conic, 

(With the notation of Art. 105 let 4B meet CD in § and BC 
mest DE in T. Then 4 (DFB)=E (CDFB) Henee, considering 
the tranaversals CD and CB of the pencila, (CDRS)=(CTQB), 
ai F (CDR) =F (OT QB), ie, P(CDRB)=P(CDQB), Hence PR 
and PQ moat be the same ray, so that PQA is a straight line.] 


EXAMPLES. 

1, If the pencil subtended by four points B, P, C, Q at any point 
of the conic passing through them is harmonic, shew that BC and PQ 
are conjugate with regard to the conic, [If the triangle of reference 
is BC and the tangents AB, AC at B and C, then, by Cor. Art. 119, 
P is the point “t2" and Q the point ‘‘-t,." The equation to the line 
throngh them then becomes Al,’=Ky, which passes through 4, the 
pole of BC. Hence ete.) 

the 


3. From the focus and directrix property of a conic deduce 
constant crosa-ratio property of four points on a conic. 

[If 4, B, C, D are the fixed points and the lines joining them to 
any point P meet the direotriz in a, b, ¢, d, then 


LbSe=LaSP- LbSP=9? -} LASP-90°+4 CBSP=4 LASB=;, 
», P (ABCD) =(abed) = 8 (abed) =ete. 


9, By taking two of the four fixed points in the theorem of Art. 119 
os Ga meae points at infinity, deduce that the angle in any segment 
of a circle is constant, 

4, Bhew that the locus of a point FP, such that the straight lines join- 
ing it to the angular points of the triangle of reference and to a 
point (a’, 8’, 7’) form a pencil of constant cross.ratio equal to - k, is 

Bya! - ya(k+1) A’ +08 ky’ =0, 
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§. If B, P, 0, Q are four points on a conic, and A is the pole of BC, 
shew that the crose-ratio of the pencil 4 (BPCQ) is the square of the 
pencil subtended by B, P, C, Q at any point of the conic, [Take ABC 
as the triangle of reference, } 

6. Shew that one of the cross-ratios of the penoil joining any point 
of the conio 

S+A5' max + by? +cz"+d (a x24 b'y*4+0'24)=0 
; ray, OTM _ ac’-a'e 
to the four points given by =0 and S’=0 is ah? * at'relb! 


explain the result when \ has either of the values -, or - 


and 
e 


e 
7. The four sides PQ, QR, RS, SP of a quadrilateral touch a conic, 


and p, q,r, are the from P,Q, R, § upon any tangent 
to the conic; shew that pr=kgs, where k is a constant. 


[Use the second part of Art. 119. ] 
8, Apply the herweosio property of four points oa s conte to show 
asym 


that the intercept made by ¢ ptotes of a hyperbola on any 
tangent is bisected at the point of contact. 


[We have 0 (PQNN')= (PQNN'), where P, Q are any two points on 
the curve and 0), (7 its oh near at infinity. Replace these cross- 
ratios for pencils by the cross-ratios for the corresponding ranges on 
the two asymptotes, ] 


Homographic Ranges on Conic Sections. 


120. If on a conic we have two ranges of points 
P,Q, RB, 8,.. and P,Q’, R, 8, eee 
such that the cross-ratio of the pencil subtended at any 
point O of the conic by any four points of the first range 
is equal to the cross-ratio of the pencil subtended at 0 by 
the corresponding four points of the second range, then the 
two ranges of points are said to be Homographic. 
Taking the notation of Art. 119, we have shewn that if 
P,Q, #, 8 be the points ¢,, 4,4, 4 and P', Q', R, 3" the 
ints ¢,', ¢,, t,, ¢,, the cross-ratio of the pencil subtended 
by these two sets of four points at any puint of the conic 
are the same if 
(t, —t) (t, — b) = (ty — 4) (4 4) 
(ts) (4) (65 — fy) (4 — 4)’ 
ne. if Rtg) + Lig Mt + BHO ccccscevees (1), 
Ln ‘] 
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where K, L, M, W contain only ¢,, 4, 4, 4), 4, 4 and not 
t, or t,'. 

Hence, if § and S$’ are any two points of the homographic 
ranges given by P, Q, R and P, Q', 2 the relation between 
their parameters must be given by an equation of the form (1). 

Just as in Art. 17, the equation (1) is the most general 
rational algebraic relation between the parameters of Sand 5" 
to engure that to each point § of the first range there is one, 
and one only, point S’ of the second range, and that to each 
point S’ of the second range there is one, and one only, point 
S of the firat range, i.¢. to ensure that there is a one-one 
correspondence. 

It is easy to prove, by help of Art. 119, that, asin Art. 18, - 
two ranges of points on the conic By=Aa’, the parameters 
of whose corresponding points are connected by an equation 


of the form 
Ret’ + Dt + Mi + NH=0 coc ccc ces cueses(2) 
are homographic. 

There will be double points on the two ranges, 1.¢, points 
each of which corresponds to itself, if ¢’=¢, and hence the 
double points are given by the equation 

Ré+(L+ M)t+ N20... (8). 
Hence there are two double points, which are real, coincident, 
or imaginary. 

121. Simplification when the double points are real. 

In this case take the points B and C of the triangle of 
reference as the two double points. As in Art. 101 we have 
seen that, for B, ¢=0, and, for C,¢= 0. The equation (3) 
is then satisfied by the two values ¢=0 and t=, so that 
K=0and V=0. The relation (2) then becomes 


L 
f=—at=M, 
where A is a constant, 

Hence in the conic By =ka* the relation between the para- 
meters of the corresponding points of two homographic ranges, 
whose double points are the angular points, B and C, of the 
triangle of reference, reduces to the form ¢ = MM. 


HOMOGRAPHIC RANGES ON CONICS 191 


122. Two homographic ranges P,Q, R,... and P,Q’, R 
are taken on a conic ; the locus of the points of intersection 
of all euch pairs as PQ’ and PQ, joining iwo pairs of 
corresponding points, is the straight line joining the double 
points of the two ranges, and the envelope of the line joining 
any two corresponding points, such as P and FP”, of the ranges 
ts a conic having double contact with the given one. 

Let B and C be the double points of the ranges, and let 
the tangents at B and C meet in A. With ARC as the 
triangle of reference, the equation to the conic is 

By = ka’. 

As in the last article the relations between the parameters 
of corresponding points of the two ranges is now ¢' =At, 
where A is some constant. 

If P, Q, #, ... are the points "é,,” "4," “4,” ... and 
P,Q, & the points “ “ee me”... ete, the equation to 


PQ! is 

ak (i, + ty) — Bt,t'— yk =0, 
ie ak (4 + Ns) ~ BAhty— yk =0, 
So that of P’¢ is 


ak (t, + At,) ~ BAL, t - yk = 0. 

These clearly meet on the line a=0, which is the line 
joining the double points. It is called the homographic 
or cross-axis of the homography. 

Again the equation to PP’ is 

ak (, + 6’) — Bit’ — yk = 0 
i.e. ak (A + 1)¢,- Bat? —yk= 0, 
k(1 +A) 
4h 
double contact with the given one at the double points, 


123, Without using the double points of the ranges 
(which are often imaginary) as two of the angular points of 
the triangle of reference, we can somewhat simplify tho 
work by taking one point of the first range as B and the 
corresponding point as (’, 

The general relation Xtt'+ Lt+ Mt’ + V =0 is then satis- 

p—2 


the envelope of which is By = a’, 4 conic having 
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fied by ¢=0 (for the point B) and ¢’ =o (for the point (’)., 
Hence in this case M=0, and the general relation connecting 
pairs of corresponding points becomes 

Kel + LO4+ NH=O secccerenveseress(I), 

If P, Q, &, ... of the first range are the points 
my ree rte” and P,Q’, 2’,..., the corresponding points 
of the second range, are the pointa “t,’,” “t,,” "*t),”..., the 
equation of PQ’ is 

— ka (t; +ty) + Pht, + yk=0, 
i.¢., by relation (1), 
ka Ktyty- Lt, -N] + B (Ltt, + Nt,)— yk Kt, =0. 

So the equation to P’Q is 

ka[Kt,t—Lt,-N\+B[ Ltt, + Nt,]—yk Xi, =0. 

On subtraction, we see that they meet on the line 

kLla+ NB +hRy=0.....cccccescccees (2). 
Now the double points are from (1) given by 
Ke + Li+N=0, 
and the equation of the line joining them is easily seen to 
be (2). 

The required locus of cross intersections is therefore, as 
before, seen to be the line joining the double points (real or 
imaginary) of the two ranges. 

Again the equation of PJ” is 

— ha (t +t’) + Blt! + yk =0, 
i¢. from (1) 


2 (kKa + LB) -t,(kLa— NB +kKy)—kNa=0, 
and its envelope is therefore 
(kLa — NB + kKy)* =—- 4kNa (kKa + LB), 
ie. (kLa + NB + ky)? = 4kKN (Py — ke’), 
ie, a conic having double contact with the given one at 
the (real or imaginary) double points of the ranges, 

124. If P,Q, R, ... and P’, Q’, #, ... are the two sets 
of homographic points, we have shewn that the inter- 
sections of PQ’ and P’Q, QF’ and Q’R, RP and F’P lie on 
a straight line. But this straight line is the Pascal line of 
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the hexagon PQ’RP'QR’. Hence the double points of the 
aystem of homographic points lie on the Pascal line of one of 
the hexagons which ss kecsiak by three points of one range 
and the three corresponding points on the other range. 


125. Construction of homographic ranges on a conte. 

Just as in Art, 22, two sets of three points P, Q, R and 
P, Q, R’, all lying on the conic, are required to determine 
two homographic ranges. When these are given we can 
easily determine as many points as we please. For join Pq’ 
and P’Q to meet in U, and QA’ and QR to meet in VY. Then 
UV is the homographic, or cross-, axis of the two ranges. If 
UV meets the conic in real points, mae are the double points 
of the ranges, If UV does not meet the conic in real points, 
the double points are imaginary. 

To construct the point on the second range corresponding 
to any point X on the conic belonging to the first range. 
Join P'X to meet the homographicaxis UV in W and let PW 
meet the conic in .Y’. Then X' is the required point which 
corresponds to XY. So any number of pairs of points, such 
as X and XY’, may be found. 


126. Constructionof double points on co-axal homographie 
ranges. 

Let the co-axal ranges be A, B,C, ..., 4’, B,C’, .... Draw 
any convenient circle, or conic, and join any point X of this 
circle to the above points meeting the circle in P, Q, 4, ..., 
P,Q’, R’, .... Construct the homographic axis as before, and 
let it meet the circle in 0 and 0’, so that KO and XO’ are 
the double rays of the pencils subtended by the ranges 
P,Q, R, ...) 2, Q, R,.... Then XO and XO’ produced meet 
the original axis of the ranges 4, B,C, ... and A’, BY, C’,... 
in the required double points of these two ranges. 

If we construct X, X' as in the last article then AX, 
KX' will meet the original axis in corresponding points of 
the two homographic ranges. 


127. Two homographic sete of tangents p, 9,1, ... and 
p,q, 7, ».. are taken for a conic; the line joining the inter- 
section of p and q' to the intersection of p' and 9 passes 


134 COORDINATE GEOMETRY 


through the point of intersection of' the double tangents, and 
the of the point of intersection of any two corresponding 
tangents, p and p’, ts a conic having double contact with the 
given one, 

Take the double tangents as the sides AB, AC of the 
triangle of reference and their points of contact as B and C. 
Then as in Art, 121 the parameters of the points of contact 
of two corresponding tangents are connected by a relation 

= At. 

If the points of contact of the tangents p, g, 7, ... are 
“hy” “by,” “by,” ... and those of p’, q’, 9’, ... are 4," “4” 
“ty,” ... the equation of the tangent p is 

~ 2akt, + Bl, + yk = 0, 
and that of the tangent q’ is 
— Qakt,' + Bt." + yk = 0. 


Their intersection is given hy 


Fee, es 
+t 2k 246," 
eee ees ae 0 
bat +A 2k 2th’ 
So the intersection of p’ and g is given by 
ae See a 
in+ht, 26 Bt, 


These intersections lie on Fe re which passes through A, 


the point of intersection of the double tangents. 
Again the tangents at P and / meet where 


ee ORs 
+t, oh fe 
ia, where |, aes 


so that they meet on the conic By = iar a’, a conic having 


double contact with the given one at the points of contact 
of the double tangents. 
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128. Maclaurin’s Theorem. [/ the three sides of a 
triangle pass through fized points, and the ends of ts base 
move on two fixed straight lunes, then the locus of ve vertex 
ig @ conic. 

Let the two straight lines be OL and OW, and the three 
fixed points A, 2, and C (see the figure on the next page). 
Through A draw a straight line QAR to meet OL, UM in 
Q, R; let QB, RC meet in P. We want the locus of P. 

Different positions of P being P,, Ps, Ps, Py, we have 

(PPP) = (0.00.0) =A 0.0.0.0) = (BBB 
= mas an 
so that BP and CP give corresponding rays of homographic 
pencils, 

Therefore, as in Art, 25, the locus of P is a conic passing 
through Band C. It also passes through 0; for one position 
of the line RAQ is when the latter passes through 0; in this 
case A, Q coincide at 0 and the corresponding lines QB, RC 
meet at 0, and therefore ( is one point on the locus, Again, 
by taking AC as one position of the line through 4, we see 
that the locus passes through the intersection of AC and OL; 
and similarly through the intersection of AB and OM. 


Cor. For the fixed point A could be substituted a conic, 
touching the two fixed lines, which the base Q.# must touch. 

129. An analytical proof is quite easy; for let the tri- 
angle ABC be the triangle of reference and the equations to 
OL, OM be la+mB+n,y=0 and la+m,B+n,y=0. If 
the equation to QAR is B = Ay, the equations to BQ and CR 
are Latm,Ay+,7=0 and d (i,q + m,8) +08 =0. 

Eliminating A, we have for the locus of P 

(ia + my) (a + m8) = mnr,By, 

a conic which clearly passes through 3, C and 0. It also 
passes through the intersection of OL and AC, aud through 
the intersection of OM and AB. 


130. From Maclaurin’s theorem we have an easy way 

_ of drawing a conic through five points 0, 5, C, Py, Py 
Through O draw any two convenient lines OL and OM. 

Let P,B and P,C meet OL, OM in Q, and £,; also let /’,B 
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and /,C meet them in Q, and R,; draw Q,R, and Q,R, 
meeting in A. 





Then, by Maclaurin’s theorem, any triangle with its sides 
passing through A, 2, C and its base angles moving on OL, 
OM will have for the locus of its vertex a conic through 
B,C, P,, P,, and 0. To draw it take any point () on OL; let 
QA meet OM in R; then the point of intersection of QA and 
AC will give a point P on the conic required, By taking suc- 
ceasive points aa can obtain as many points P as we wish. 

The student will see after a little practice that many of 
these lines need not bedrawn. For each point Q he can by 
means of a ruler through A mark the correaponding point 
#, and then by means of placing the ruler consecutively 
through A, C and @, B he need only make two short pencil 
marks crossing at P, 

1f it were found to be convenient for the drawing, the lines 
OL, OM could be taken to pass through J, and P,, 


131. Newton’s theorem for generating conics. 
If two angles of yiven magnitude turn about fixed vertices, 
O, and 0,, and if two of their legs intersect on a fixed straight 
line, the locus of the intersection of their other two legs ia a 
conic section passing through the two fixed vertices, 

Let O,P, O,P be the legs which intersect in a point P, 
lying on the fixed straight line; and 0,Q, 0,Q the other 
legs. If P,, Py, Py, P, are different positions of P, then, since 
P, 0, Q,, PLO; etc, are constant angles, we have 


0, (@:@02(2,) = 0, ee! P.)=(P, Py PsP) 
=0,(P 1 P,P, P= 0, (2, 0193Q). 
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O,@Q aud 0,Q are thus corresponding rays of homographic 
pencils so that, by Art. 25, the locus of Q is a conic passing 
through O, and 0. 


Cor. If the point P, the intersection of the legs, lies on 
aconic which passes through 0, and Q,, there is still a one- 
one correspondence between 0, and (,@Q, and the locus of 
@ is another conic throngh 0, and 0,. 


182. Hix. 1. Inscribe a triangle in a given conic whose sides pass 
through three given points K, L, and M. 

Take any point P, on the conic; join P)X and let it meet the conic 
in Q,; join Q, L and let it meat the conic in R,; join R, M and let it 
meet the conic in P,', In general P,' will not coincide with P,; if it 
doea the problem is solved ; if it does not, take two other points P,, 
#; on the conic, perform the same constructions as in the case of J’, 
and obtain the corresponding points P,', P,'. Then P, and P,' have an 
algebraic one-one correspondence and 60 have P,, P,' and alao Ps, J's’. 
Henee P,, P,, Psand P,’, P;’, Ps’ determine two homographic ranges. 
Find their homographie axis by the construction of Art. 192 and let 


it meet the conic in O, and O,. If 0, and Oy are real, we shall obtain 
the triangle required, by starting with either of them and performing 
the construction above, 


The method here used is known as that of False Position. 


mx. 4. [fa triangle be inscribed ina given conic, two of whose sides 
pase through given points K and L, sind the envelope of the third side, 

Aa in the last example the ra P,, Py, Py, ... and the ranges 
RB, Ry, Ry, ... are homographio; henos, by Art 122, the envelope of 
the third side P,R, is a conio having double contact with the given 
conic at the ee of the homography determined by P; , P,, P, 
and K,, Ry, R, and these double points will be where KL meets the 
conic, 


Bx. 8. If a polygon be inscribed in a conic and if all its sides but 
one pass through given points, the envelope of that one side will be a 
conic having double contact with the given one, 

Let P, P;...P, be one such polygon, If P, be taken arbitrarily the 
line joining it to the first fixed point gives P, uniquely; the line 
joining P, to the second fixed point gives P, uniquely, and so on. 
Thus P, is uniquely determined, by an algebraic relation, when P, 
is given. The different positions of P,, viz. Q,, Ry, ..., and the corre- 
sponding positions of P,, viz. Q,, R,, ..., therefore determine homo- 
graphic ranges, and, by Art. 122, the envelope of the line joining 
corresponding points, i.e. the envelope of the remaining side of the 
polygon, is a conic having double contact with the given one at the 
double points of the homography. 
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EXAMPLES. 


1, Two series of rays connecting two fized pointes on @ conic to a 
variable point of a conic are humographic, 


9, If through a fixed point A are drawn lines AP,P,, 4Q,9,, ... to 
meet a conic in P;, Py, Q,, Qe, ..., then the range P,Q, f,... is always 
homographio with the range P,Q,f,.... 


3, Two corresponding points of homographio ranges on & conic, 
together with the double points of the ranges, subtend at any point of 
the conic a pencil of conetant erosa-ratio, 


4, The pole of the line joining the double points of a rigrag nat 
on & conic ia joined to any pair of corresponding points of the homo 
raphy; shew that these lines and the linea from the pole to the 
ble points form a pencil of constant croas-ratio. 


§, Two fixed points 0, 0’ are joined to any point Q on a conic and 
meet the conic again in P and P’; shew that the ranges described by 
P and are homographic, and that their double points are at the 
intersections of OO’ with the conic. 


6. Two conics touch each other at B and C; the straight lines 
rans. fe C to any point of one conic meet the other conic in P, Q; 
shew that the envelope of PQ is a conic having double contact with 
the two given conica at B and C, 


7, Insoribe in a triangle a second triangle whose sides pass through 
three given points. 

8, Inscribe in @ conic a polygon all of whose sides pass through 
given points, [This is an extension of Art. 132, Ex. 1.) 


9, Prove the correlative of Maclaurin's Theorem, viz. If the three 
vertices P, Q, and R of @ triangle move on fixed t lines BC, CA 
and AB, and if two of ite sides, PQ and PR, pass ough two fixed 
points 8 and T, then the envelope of the third side is a conic. Shew 
also that this conie touches the straight lines AB, AC, BS, CT and 
ST. [This theorem can be extended to any polygon.) 


10, Cireumsoribe a triangle to a given conic, so that ita vertices 
may lie on three given straight lines. 


lI. If # polygon be circumscribed to a conic, and all the angular 
pointa rahe pins ee straight lines, the loous of that angular 
point is a conic. 

13. The sides of a polygon through fixed points, and all the 
vertices but one lie ee fixed conic; shew that the locus of the 
remaining vertex is a conic passing through two of the fixed pointe. 


9. If the sides of @ polygon paes through fixed points, and ail the 
elie points but one ~ fixed straight lines, shew that the locus 
of that angular point is a conic. 
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Involution ranges on a Conic. 


133. Involution ranges on a conic are homographic 
ranges, such that to every point P corresponds the same 
point P’, whether P belongs to the first range or the second. 
Just as in Art. 28, we see that this can only be the case if 
in the fundamental relation of Art. 120 we have L= M. 


With the equation of the conic in the form By= ka’, the 
* parameters of any two mates in an involution are therefore 
given by 
Ktt'+ L(t+0)+¥=0. 
The double points are given by 
Kt + 2Lt+ VN =0, 


Tn the case when the double points are real and are taken 
as the angular points 8 and C of the triangle of reference, 
we see, as in Art. 131, that X=0 and V=(, and the relation 
between ¢ and ¢ becomes f’ = - f, 


Or again, if we tuke the points B and ( of the triangle 
of reference as two matea in the involution range, the 
fundamental relation is satisfied by ¢=0 and =a, Heneo 
in this case £=0, and the relation reduces to 


N 
tf = r7* 

134. If Pand P, Qand Q, Rand RF, ... are mates in 
an involution range on a conic, the locus of the intersection 
of all such pairs as PQ' and P'Q) is the straight line joining 
the double points of the involution; and the lines joining 
pairs of mates, such as PP’, QQ’, ..., are concurrent in a 
point which vs the pole of the line joining the double points 
of the involution. 


Take 8 and (’ as two mates in the involution so that, os 
in the last article, the fundamental relation is ¢¢’ = A, 

If P, Q, A, ... are the points “¢,,” "t,” “t,,”...and P’, Q, 
PF’, ... the points “t,,” "4," "4," ..., the equation to PQ’ is 
— ak (¢, + ty) + Bet + yk =0, 

i.2, — ak (t,t, +A) + BtA+ ykt,=0, 
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and that to /’Q is 
— ak (t,t, + A) + BtA + ykt, = 0. 
By subtraction, we see that these meet on the straight line 
BA—yk=0. 
Now the parameters of the double points are /X and 
— Ji, and the equation of the line joining them is thus 
BrA-yk=0, 
so that PQ’ and PQ meet on the line joining the double 
points. This line is called the Axis of the Involution. 
Again the equation to PJ” is 
— ak (t, + 4’) + Bit + yk=0, 
i.e. —ak (t,) +A) + BAt, + yt, = 0. 
This clearly passes through the point (0, —4, A) which is 
the pole of the line joining the double points, This point is 


called the Pole of the Involution. 
Again the equation to PQ is 
—ak (t, +4,) + Blt, + yk =0, 
and that to P’Q’ is 
~ak(t' +t’) + Bit) + yk=0, 
i.e, —akd (t, + t) + BA* + ykt,t, = 0. 


These clearly meet on the line BA — yk =0, #e. the Axis of 
Involution. 
Hence the Axis of Involution is easily found when any 
two pairs of mates P and P’, Q and Q’, are given; for it 
es through the meet of PQ’ and J”, and through the 
meet of PQ and P’Q. 


135. Conversely, Jf from any point A we draw straight 
lines to meet the conic in P and P. Q and Q’, Rand Ff, ... 
we determine an involution range of which the points of con- 
tact of the tangents from A to the conic are the (real or 
imaginary) double points. 

Also given two pairs of points of an involution range on 
a conic, P and P’, 2 and Q’, we can easily determine as many 
more points of the range as we wish. For let PP’ meet Q¢’ 
in A, so that A is the pole of the involution; then the mate 
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of any other point 2 on the conic is the second point F’ in 
which AK meets the conic, 

136. If we assume that the double points of the involu- 
tion are real, and take them for the points 2 and C of the 
triangle of reference, the work is simplified. 

For P and / are now the points “t,” and “—¢," and Q, Q 
are “t,” and “—¢,.” The equations to PQ’ and P’Q are 


— ka (t, — 4) — Bt,t,+ ye =0 and —ka(—¢, + ¢,)—- Bt,t,+ yk=0, 
which clearly meet on a=0, 4.2, on BC. 
The equation to PJ’ is Bt— yk =0, which passes through 


A. Also the equations to PQ and /’Q’ are 
— ka (t, +t) + Bit, + yk=0, and ha (t, +6) + Bt,t, + yk=0, 
which also meet on BC. 


EXAMPLES, 

]. A system of lel lines meets @ conic in pairs of points in 
involution, fin Art. 185 take the point A at infinity. } = 

9, The double points of an involution range ons conic, and any 
pairs of mates in the involution, subtend a harmonic pencil at any 
point on the conic. 

9, The points of contact of pairs of tangents to a conic from points 
lying on a given straight line determine an involution range on the 
ag By tangents themselves determine an involution range on 
any tangent to the conic. 

[The cbords of contact pass through a fixed point, via. the pole of 
the given line; hens, by Art. 135, they determine an involution 
range on the conic. 

4 If Cis point on a conic, and chords PP’, QQ’, ... subtend right 
angles at O, the chords pass through a fixed point on the normal at 0. 
[The Frégier Point; see Ex. Art, 404, Part 1.) 

(OP and OP’, 09 and OQ’, ... are a pencil in involution and hence 
determine an involution range on the conic. Henoe (Art. 134) PP’, 
QQ’, ... meet ina point 0’. If P coincides with O, then F’ is at the 
other end of the normal through 0, and hence O' musi lie on the 
normal.) 

§, If, im the previous example, OP and OP’ ato, are equally inclined 
to the normal at 0, the chords pase through a fixed point on the 
tangent at 0. 

6, P and P’ are fixed points on a given conic; from P and P’ pairs 
of tangents are drawn to any confocal conic and they cut the given 
conic in Q, R and Q’, R’; shew that the locus of the intersection of 
QR and Q'R’ is a conic. [Use the previous example and Art. 25.] 
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Homographic plane figures. 


137. Two plane figures, in different planes or the same 
plane, are said to be homographic if to each point of either 
figure there corresponds one, and one only, point of the other 
figure, and if, in addition, to points on a straight line in the 
first figure correspond points on a straight line in the second 
figure. The relation between the two figures is called an 
homography. 

Let (x, y) be the coordinates of a point of the first figure 
referred to any axes in the .firat plane, and (z’, y’) the co- 
ordinates of the corresponding point in the second figure, 
Then if there is a one-one correspondence the most general 
rational algebraic relation between them is of the form 

fin +hy+o, ye bay +0, 
actteytts ” autbhyte, 

Tf to points on a straight line are to correspond points on 
a straight line then, co nding to a relation of the form 
ls’ + my'+n=0, we must have a linear relation between « 
and y. But, on substituting the above values, we do not in 
general obtain a linear relation unless the denominators in 
the values of z’, y' are the same, or one is a constant multiplier 
of the other, In either case we have 


, aat+by+e, , Getby+e, 
Jn gathyeg tt’ garhyeq, ““C) 
These values, on being substituted in the relation 
lz’ + my'+n=0, 
give a linear relation between x and y. 
On solving for x and y, we obtain 
Pa a (b,c, — bye.) +9 (b5% — b,¢,) + (b,c, — b,¢,) 
at (aby — agb,) + y' (ab, — 0,5) + (ab, - a,5,)' 


and 





2 (Cas Oe) + y! (C5 — 01%) + (01% = C00) 
Ya (aby ayb,) + ¥/ (@abs ~ 040s) + (b,—ab,)" 
The transformation from the second figure to the first is 
therefore by relations of the same type as that from the first 


figure to the second, 
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If 4,, B,, C,, ... are the co-factors of a, b, ,... in the 
determinant 
%, 6, © 
My, by, 
| |My, by, 
_ A,e' + Ay’ + A, Ba’ + By +B, 
then =O TEC tO, Oday oC, 

The vanishing line in the first figure, ¢.¢, the line corre- 

sponding to the line at infinity in the second figure, is 
a,2 + by +c¢,=0 
and the vanishing line in the second figure is 
@ (a,b, — ayb,) + y' (2,6, — 55) + (a,b, — a,b,) =O. 

138. Any four points of the first figure, no three of which 
are in the same straight line, and four similar points of the 
second figure determine an homology of the above kind. For 
we should then have eight linear relations to determine the 
eight ratios between the nine quantities 

Gy Dyy Cyy yy Dg, Cy, Gy, by, Cy. 

Tt can be shewn that any four coplanar points can be 
projected into any four coplanar points in any other plane, 
neler that no three points of either set lie on a straight 
ine, Hatton's Projective Geometry, Page 43, Russell’s 
Pure Geometry, Page 116, or Oremona’s Projective Geometry, 
Page 80.) 

Coplanar homographic correspondence, 

139. If the two figures are in the same plane, we have 
the same relations between (z, y) and (2', y’) as in the 
previous article. In this case some points of one figure may 
—— coring in ses other papel These points 
are « =2 and y=y’ in relation (1), W. 
sg ea atlas yey (1). We 

@ (dy + byy + Cy) = 0,0 + by 4 0) wees, (1), 
and Y (ya + bgy + ¢,) = 0,0 + Day +0, .........(2), 

On eliminating y, we have a cubic for «; for each root of 
this cubic the equation (1) gives one, and one only, value 
of y. We thus have in general three double points, 
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The two conics (1), ®) only intersect in three finite points, 
since they have the direction of one asymptote common, 
and hence have one point at infinity common. 
Bx. Two homographic coplanar figures are such that to the points 
+ (0, 1) WP vai (1, 1) sey S90 the i 0), (0, 3 
respectively, Fin general on connecting 
ay Sher sets of points, and ew that the coordinates of the self-cor- 
responding points are (0, 0), (0, 3) bey (7, 3), Shew also that the 
vanishing lines of the two figures are z- y +2=0 and r-5y+3=0, 


Parametric Coordinates. 


140. We have had examples of the coordinates of a point 
on a conic being represented by functions of one independent 
parameter. Some more general propositions follow. 

141. Jf the coordinates (x, y, z), whether Cartestan, Tri- 
linear or Areal, silat aie eo 

t z 
a, f + 2b,t +¢, oa hive ~ Gl + 2dst + ¢,’ 
to shew that its locus ts a conic section, 

The straight line lz + my + nz=0 meets the locus of the 
point where 
#(a,l+a,m +a,n) + 2t (5,1 + b,m + d,n) + (c,+c,m +e,a)=0. 
This gives, in general, two values of ¢. The straight line 
therefore meets the locus in two points, and hence the locus 
is @ conic, 

The straight line will touch the curve if this equation has 
equal roota, i.e, if 

(bt + bm + b,n)*=(a,l + am + ayn) (0,2 + ym + c,n), 
i.6, if (b,?—¢,a,) P + (b,'—¢,@,) m? + (6,°—¢,a,) n? 
+ min (2b,b, ~ a4¢5~ 6) + 14 (2b,b — 0, — a) 
+ lm (2b; b,— a, ¢4 ~ Gy¢,) = 0. 
This is the tangential equation to the conic. The point 
equation may be found as in Art. 73, It is 
a” (BP —4C, A,) + (BP -4C, Ay) + 2 (By — 40, A,) 
+ 2yz (B,B, -24,C,-2A4,C,) + Jou (B, B, - 24,€, - 24,0) 
+ 2ny (B,B,-24,C,-24,C,) =0, 
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where A,, B,, C,, ... are the co-factors of a,, b,, ¢,, ... in the 
determinant 


by, 
A=/4,, b, ¢ 
by, Cs 
Or it may be found as follows; from the given equations 
we have 
wie aa a ea 
gb + DBE + y= AY ...scseveeeeerenee(2), 
and yl + Bbyd + cy = AS oy cercsnesereeens (3). 


Multiplying (1), (2), (3) by A,, de, i‘ ‘nenuieiie and 


adding, we have 
@.A=A(A,o+ Ay + A,2). 


So 2t.d=)\(Bi2+ By + B,z), 
and A=A (0,2 + C,y + C,2). 
'. (Birt Byy+ Biz) =4 (Aya + Ayy + Ay2) (C,2+ Cyy+C,2), 
te, 27(B~44,0,) +... +... + 2yz[B, B,- 24,0, -24,C,] 
+ ve + ee =O, 
If the coordinates are Cartesian, we have z equal to unity. 


142, Equation to a tangent, and coordinates of the point 


of intersection of two tangents. 
The line joining the points ¢, and ¢, is (Art. 51) 
a) y; ad 


@t7 +200, +¢,, at? +2b,6 +4, a,t,’ + 2b,t, + ¢, | = 0, 
Gyby + Qt, +0), ayy’ + Wyly +c, yh + 2dyt, +c, 
On subtracting the constituents of the second row from 
those of the third and dividing by ¢,—,, it becomes 
| z, hi. z 
Qt 7+ 2b +0, yt’ +2b,t, +0, yt," + Qhyt, +c, | = 0, 
@,(t+6)+ 2, y(t +4) + 2b, a(t, +4) + 2b, 


Lu 10 
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From the second row, multiplied by ¢,+¢,, subtract the 
third row multiplied by ¢,’, and we have 
z, ¥, z 
2b, 6440 (6 +6), WhQte(ht+4), 2hito(h +h) |=0 
(t+) +2b,, y(t +6) + 2b, a(t, +t) + 20, 
sovsae Lh 
On putting ¢,=1,, the equation of the tangent at ¢, is 
a, vs & 
hth, yt +b,, at +b, 
Dit C,, Dyb + ey, byt + ty 
So the tangent at ¢, is 
iy My & 
Oya +by, Gyby ty, ayty + bs 
bitte, Dyby +O, Otte, 
These clearly meet at the point 
[ay tyty +b, (t+) + Cry Oatrte + Oy (4, +6) + Oy, 
yt by + y(t, +f) + 04), 
which is therefore the pole of the line joining the pointe ¢, 
and f,. 
In (1), the coefficient of « is, after simplification, 
2 (<ayb, — bydty) bby — (4% ~ Cy) (6, + ty) + 2 (Dycy — Oye), 
and so for those of y and z. 
143. To shew that the general equation of any conic can 
be reduced to a furm which can be satigfed by equations of 
the form 








=0. 








= 0, 








Ho 4 Cee ee ‘ Fy 
a+ 2bt+e, ayf+2bjt4+ cy ayl'+ 26,04 0, 
The general equation 


ax! + by" + ca" + 2fys + Qgee + hay = 0 
18 


(azn-+ hy +.92)*+ (ab— ht) y* + (ac - g') e* - 2 (gh—af) ye=0, 
ie. C (ax + hy + gx)*+(Cy—Fe)'+2*(BC —F*)=0, 
with the usual notation, 
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This equation is satisfied by 
VG (ax + hy + gz) =A(1- 6), 
Cy—Fr=). 2t, 

and J -(BC = F*).2=\(1 +P). 

On solving these, we have the values of 2, y, z in the form 
given above. 

The conic whose equation is given in the form 

(0 + my + n,2) (a+ my +nyz) = (I+ my + n,2)* 
is satisfied by ji 
hetmytne _hatmy+nt _ het my tne 
l a c j t 


and hence, on solving, we have the ratios of 2, y and + as 
above. 
Numerical Fxample, The conic 
a + Dy? + 32? + Dye + dear 4 Ory =0 
is satisfied by 
w=—1+14¢—-54e, y= 24 and 2=1—10¢+ 184, 


144, Shew that the cross-ratio sublended at any point of 
the conic by the pointe t,, t, ty, 4, is 
(4~ 4) (4-4) 
(4-t) (4-4) 
Let O be the point where ¢=0 so that its coordinates are 
(C1, Cay ¢3). 


Then OP, is 
ay WE) ‘ =0; 
Ob? + 2b,b, +0, Myth" + 2dyt, +e, mgt, + 2b, + ¢, 
Chy Cys Cy 
t&, 


2 [x (6,65 — bycy) + y (bye, — b,¢,) + 2 (b,c, — bye,))] 
= b [2 (c,@,— ey) + y (cya, —¢,4,) + 2 (c,4,—¢4a,)], 
and 90 for OP,, OP,, OP,. 
Hence, as in Art, 63, the crose-ratio is as stated, 
10—2 
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geo 
] 
wa arate” "yl! + 2,b + ¢, 
has points at infinity given by 
Oylt + Wbgb + Cp=O vesserveecsereeene(L)y 


and is thus an ellipse, parabola, or hyperbola according as 
b,' 5 ay¢s. 

From (1), the values of ¢ giving the line at infinity are such 
that 


and hence, as in Art. 142, the centre, which is the pole of 
the line at _—" is given by 
y = ba 
Pre are yt, — Ibyby + 0,0, 2 (a,0,—b,%)’ 
146. Shew that the conic given by 
w=a,0+2b,t+0¢,, y=a,l* + 2b,t +c, 
is a parabola, whose directrix is 
O,2+0,y = 4,0, — 6," + a,c, -b,', 
and whose latus-reclum 12 
4 bam arb) 
(at+az)t 
As in Art. 141, the line 
let my + N=0 v.receesscereeeneeeee(1) 
touches the conic if 
B (b,* = a,¢,) + m* (b,' — a,¢,) + Lm (26, b, ~ a,c, ~ 4,¢,) 
—nia, -mna, =0...(2). 

This equation is satisfied by !=m=0, ie. by the line at 
infinity, and the conic is therefore a parabola. 

Tf (a, y,) be any point on (1), then n=—/z,—my,. On 
substituting this value in (2), the lines given by it are at right 
angles if the sum of the coefficients in the resulting equation 
is zero, i.e. if a, + ay, +b,"—ae, + b,’-a,e=0, and the 
locus of (2,, y,), t¢. the directrix, is as stated. 
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If again (x,, y,) be the focus, this equation must reduce to 
P+ m’=0, and hence we have 
fC ~ Oy = 0,0, — 0,’ — (yey — 04"), 
and Gy, + hy Ys = Oh Cy + gC, — 3b, 5y, 
ie. (a,° + a3") (2, — 0) = a, (b,? — b,*) — 3a,6,5,, 
and —_ (a) + y') (3p, — 4) = 4 (0;"— y*) ~ 205,59, 
giving the coordinates of the focus, 
The perpendicular from the focus upon the directrix 
_ th (%—%)) +4 (Ys —%q) +87 +,' _ 2 (4,5, - 46,) 
(a,1+0,') (a;'+a;') 
and the latus-rectum is twice this perpendicular, 


EXAMPLES, 
1 Ae esyrai:O4hl4+2 2404641; 4-141, 


Gnd the tangential oquation of the oonie and prove that it is a para- 
bola, eee : 


2. Shew that, = ora 5a8t-t?> it — <—; represents a circle of 
radiua 5, 
9, Find the focus and directrix of the parabola 
f=f-214+2, y=P+1. 
4, Find the foci and the director clrole of the conic of Art, 145, 


5, bola z =a, (7+ 2b, t+e Tips. cig prove thal 
Peaiiteipl pore at the ends of the Iatus rectum 7” 


+ (a,b, - sgh) - (bi tasty) 
a, +a," 


6, If t, and ¢, are the parameters of the ends of any chord parallel 
to y=me of the parabola x=a,(? + 2b,t+¢,, y=a,l* + 2h +-c,, shew that 


7, Show that the ic form in areal coordinates of the conic 
ee the middle points D, FE, F of the sides of the 
triangle of reference, through the vertex C, and which touches 4B 
at F, is 

aiys2t: 2-¢44t+ (24a) @:e(L- 0); - 414 8044i0, 
where im/-1, 


CHAPTER V 
TANGENTIAL COORDINATES 


147. If in the general equation to a straight line 
3 la + mg +ny= 0 
we give to /, m, n particular values, we get a definite and 
determinate straight line. Hence |, m, » are called the 
coordinates of the line because they determine its position, 
and they are denoted by the symbol (/, m, 2). 

If there is a linear relation between these line-coordinates, 
such as la, + mB, + ny, = 0, where a,, 8,, y, are constants, 
then the straight line passes through the point (a,, 8,, ,). 
Such a linear relation between the line coordinates therefore 
determines « point and is the equation to a point, 

[Thus the tangentia) equation of the ciroum-centre is 
Loos 4 +m os B+n coe C=0, 


this the condition that the straight line la+mf+n7=0 should 
sate Gaatigh tes elemne cect thas eediastas ¢ : a 


(cos 4, cos B, coe (). 
Bo the tangential equations of the ortho-centre, in-centre and cantroid 
are respectively 
lseoA+meecB+neeoC=0, I+m+n=0, 
and loosea 4 +m coseo A +n cores C=O, 


If there is a relation of the second degree between (, mi, 
and », we have shewn jn Art. 72 that the line envelopes a 
conic; in other words a tangential equation of the second 
degree represents a conic. 

If there is an algebraic homogeneous relation of any kind 
between /, m, and n, the straight line will envelope some 
curve, and this algebraic relation is called the tangential 
equation of that curve. 


148. The foregoing will hold similarly if we use Areal 
Coordinates, But, in order to shew what coordinates are 
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meant, the letters p, g, r will be used to denote the coor- 
dinates of a line in Areal Coordinates, and hence 
é pa+qy+r2=0 

will be the standard equation of a line in Areal Coordinates, 

Most of the Articles in the present chapter will be true 
for Areal as well as Trilinear Coordinates. Where there is 
any difference it will be mentioned. 

If we use Cartesian Coordinates, we shall have the co- 
ordinate 2 equal to unity, and then 2 and y are the Car- 
tesian Coordinates. 


149. We can easily convert tangential equations in 
trilinear coordinates into the similar equations in areal 
coordinates. For suppose that the trilinear equation 

la + mp +ny= 0 
represents the same straight line as the areal equation 
p2+qyt+rz=0, 
so that /a, mB, ny are proportional to pz, gy, rz. Now 
oye 
a'b’¢ 
Lama : | a 
a) § are Proportional to p, 9, r and hence J, m, n to 
pa, qb, rc. It follows that a tangentiul equation in trilinear 
coordinates can be changed into the corresponding one in 
areal coordinates by substituting pa, gb, and re for /, mand n, 
where a, b and c are the sides of the triangle of reference, 
and conversely, 


a, , y ave, ax in Art. 67, proportional to . Hence 


150. The equation of any straight line through the 
intersection of (a + m,8 + my =0 and da + m8 + nyy = 0 is 
(Z, + Ady) a + (m, + Am,) B + (nm, + An.) y=, 
so that the tangential coordinates of any line through the 
intersections of the lines (4, m,, m,) and (/,, m, m,) are 

(4, + Aly, m, + Amy, 1, + Am). 
The tangentia! coordinates of the line joining two fixed 
points (a, By 71) and (a, Ba, Yo) OTe, a8 in Art, 51, 
(Biys—PBsyir Yi%— Ya%s 918; — 2563). 
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151. Just asin Part I, Art. 116, it may be shewn that 
the tangential equation 
%= AP + Bm? + Cn? + 2 mn + 2Gnl + 2Him =0 
breaks up into linear factors if 
ABC + 2FGH - AF* - BG? - CH* = 0, 

In this case the conic becomes & pair of points. For let 
the two linear factors be /a, + mB, +ny, and la, + mB, + ny,. 
Then 2=0 is satisfied when either /a,+m8,+ny,=0, or 
when la, +m, +ny,=0, t,e. when the straight line 

la + mB +ny=0 
through either of the points and (a,, 8,, 7.) 
ence these bo points ais seeded | sii 


152. The tangential equation of a circle, whose radius 
is r and whose centre is at the point (a’, B, y'), is easily 
obtained by expressing the condition that the perpendicular 
from the centre upon any tangent is equal to r, and is thus, 
by Art. 59, 

la’ + mB’ + ny’ 32 aa’ + bB' + cy’ 
JP+...+...—2mn cos A-...—... 24 
i.e, 
r*(aa' +8 +cy')(P+m*+n*—2mncos A —2nl cos B—2/mcos C) 
= 4A? (la + mf + ny’. 
So in areal coordinates it is 
(a +y/ +2’) (a*p* + Bg? + cr - 2qr-be cos A —... -...) 
= 408 (par! + gy’ +12’), 
where in each case a, 6, and c are the sides of the triangle 
of reference, 

153. To find the point of contact of any tangent to a 
conte given by ils tangential equation. 

Let the point equation to a conic be 

S = aa? + bB + cy’ + 2/By + Igya + 2haB=0...(1), 
so that its tangential equation is 
3=AP+ Bm' + Cn? +2Fmn+ 26nl+2Hlm=0 ...(2), 
where A = bc—/*, ..., ..., M=gh—ay, .,., ... a8 in Art. 72, 
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Let the point of contact of the tangent 
La+mB+ny=0... v+o(3) 
be the point (a,, 8,, 7). ce (3) must is hae same as the 
tangent to (1) at (a,, B,, y,), 46. it is the same aa 
a (aa, + AB, + gy,) + B (la, + 0B, + fy) + 7 (gar +fB, + eps) = 0. 
“. da, +hB, + gy, =Al, 
ha, + 58, +/y,=Am, 
and ga, +f, + cy, = Am, 
Multiplying these equations by A, //, G and adding, we 
ve 


Aa, = A[ Ad, + ims + Gn], 
and so for the others. 
ay By yi 
* Ah+Hn+6n, ~ Hl, + Bm,+ Fn, Gl,+Fm,+ Cn,’ 
giving the required point of contact. 
But the tangential equation to the point (a,, B,, y,) is 
lo, + mB, + ny, = 0. 
Hence the tangential equation of the point of contact of 
the line (/,, m,, m,) is 
L[ Al, + Hm, + Gn] +m [Z/l, + Bm, + Fr) 
+n[Gl, + Fm, + Cn,]=0 
1.é, (nee = nat he ve afl 3 
al” Alea a 1a * dm dn 
Either of hos is of the same form as the tangent at 
a given point in point coordinates (Art. 71). 


154. 7 find the pole of any line (i, m,, n,) with respect 
to the conic whose tangential equation ts 
3 = Al + Bm" + Cn" + 2F mn + 2Gnl + 2Hlm =0. 
Let the line /,a+m,8+n,y=0 meet the conic in two 
points the tangents at which are 
La + mB + gy =0...... cc eceeeeee .(1), 
and bat mB + nyy =O ........ccccecees (2). 
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By the last article, the point of contact of (1) is 
(Al,+ Hm, +Gn,, Hl,+ Bin, + Fn, Gl,+ Fm, + Cn,). 
Since this point lies on the line /,a+m,8 +m y=, 
“. (Al, + Hin, + Gn,) +m, (H+ Bm,+ Fn,) 
+n, (Gl, + Fm,+Cn,)=0, 
or 


1, (Al, + Hm, + @n,) + m, (Hl, + Bm, + F'n) 
+n, (Gl, + Fm, +Cn,) =0. 
Similarly 
I, (Al, + Hm, + Gn,) +m, (HL, + Bm, + Fn) 
+n, (Gl + Fm, + Cn,)=0. 
But these are the conditions that the two tangents pass 
through the point 
(Al, + Hm,+Gn,, Hl,+ Bm,+Fn,, Gl, + Fm,+Cn), 
which is therefore the required pole of the line (/,, m,, ”,). 
This is the result of Art. 76. 
These coordinates may be written in the form 


(a3 a3 a3) 
dl,’ dm,’ dn,/ 

The tangential equation of this pole is thus 

107 58 encnne or pn xs a3 6 
dl, dm, dn, di dm dn” 


The forms of these equations are similar to those of Art. 75. 


155, Two lines (1, m,, %,) and ((,, m,, n,) are conjugate 
if the pole of egch lies on the other, 1. if 
HLlre = = = 0 
‘dl, ' dim, ' " dn, ’ 
or Let mae + ge. 
This was also found in Art, 76. 
The line (i, m, ») is a tangent if its pole lies on itself, i.¢, if 
‘= + mene Pit | 
dl dm dn’ 
ie. if =0, 
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156. Centre and asymplotes of a conic given b eneral 
tangential equation Pay capt om 
The centre is the pole of the line at infinity 
aa +bB +cy=0. 
Hence, as in the last article, the centre is the point 
(da+Hb+Gc, Ha+ Bb+ Fe, Ga+ Fb + Co). 


Also the asymptotes are the pair of tangents that can be 
drawn from the centre to the curve, 


Hence an asymptote is the line (/, m, n) given by 
i (da+ Hb + Ge) +m(Ha+ Bb + Fe)+n(Ga+ Fb+Cc) =0 
ssadl) 


AP + Bm? + Cn? + 2Finn + 2Gnl +2Him=0 ...(2), 
i.e. if ¢ (I, m,n)=0 is the tangential equation, the centre 
is given by 
"db dh db 
ast b-. too =0, 

and the asymptotes by this equation and (I, m, n) =0. 

On solving these two equations, we have the asymptotes, 

The conic is an ellipse, parabola, or hyperbola according 
as the roote are real, coincident, or imaginary. 


The condition that the conic may be a parabola is more 
easily obtained from the fact that the line at infinity is a 
tangent, and hence (2) is satisfied by /=a, m=} and n=c. 
The condition is thus 

Aa’ + Bb? + Cc? + 2Fbc + 26'ca + 2Hab = 0. 


157. In Areal Coordinates the centre is the pole of 
the line a+ y+2=0, and is given by 
dp dp dp _ 
eth te” 
a0 that it is 
(A+H+G, H+ B+P, G+F+C). 
The asymptotes are given by 
p(d+H+@)+q(H+ B+ F)+r(G+F+C)=0, 


and 


156 COORDINATE GEOMETRY 


Ap + Bg + Cr+ QF or + 2Grp + 2Hpq = 9, 


i%, by 

dp dp dd | | 

a tata and $(p, 9,1) =0. 
The conic is a parabola if 


A+8+C042F+ 26 4+2H=-0. 


158. To find the equation to the director circle of the 
conic whose tangential equation w 
AD + Bat + Cn? + 28imn + 26nl + 2Him = 0, 
If the line (i,m, m) passes through the point (a, 8,, 7); 
then a, + mf, + ny, =0. 
If we eliminate n between this and the tangential equa- 
tion, we obtain 
p [Ay- 2Gy,0, + Ca," +2lm [Hf y° — GByy, — Fy,a, + Ca, B,) 
+m" [By —2FB,y, + CB")=0. 
This equation gives the two tangents, (/,, m,, m) and 
(1, mq, %,), which pass through (a,, 8,, 7). Hence 


ee 
By! —2FB,y, + CB? Ca,'— 26,0, + Ay, 
b, amy + Lynn 


~ 2OHy? + 26B,y, + 2Fy,0, —2Ca,B, 
We should, by eliminating / and m instead of n, obtain 
similar relations for ,2,, m,%, + m.n,, and n,/,+n,l,. 
Now if (a,, 8,, y,) is on the director circle the two tangents 


are at right angles. Hence, on substitution in the result of 
Art. 64, we have 


(By,?- 2FB,y, + CB") +... +... 
+2[Fa,’+ AB,y, — Hy,a, — Ga, 8,] cos A+... +... =0. 
Hence the equation to the director circle is, as in Art, 79, 

a’ (B+C+2F cos A)+...+... 
+ 2By[4 cos A — F'-G cos C— H 008 B) +... +..., 
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Bx. 1. Shew that the equation to the direstor circle of a conic, 
whose tangential equation in oblique Cartesian coordinates is 
AP + Bm! + Ca? +2Pmn+2Gnl+2Him=0, 
is C (z? + Qry cos w+y%) 
~2(@+Feoew) 2-2 (F+G coew)y+4+B+2H cos w=0, 
Hx. 2. With rectangular Cartesian coordinates shew that the 
tangential éanaiin : 
AB + Bm! + 2Fan+2Gnl+2Him=0 
is that of # parabola, whose directrix is given by 2G242Fy=A +B, 
and whose foous (z), y) ia given by a Outs Fam 4 - Hh+2Hi, 
here im,/-1. [A t the foous is y - y, =i (z-}), 
that the va sciak ‘excepting satiafy the tanga ple .] 
159. To obtain the foci of a conic whoss tangential equa- 
tion in rectangular Cartesian Coordinates is 
3 = AP + Bm* + Cn? +2Fmn + 2Gnl + 2H =0. 
Let (2,, y,), (2 ¥,) be the two real foci, or the two 
imaginary foci, of the curve. The product of the perpen- 
diculars from them upon any tangent is constant, 


Hence 
(lar, + my, +) (lay + my, +n) _ r 
Ps a = const, =A, 
mp this with the given tangential equation, we 
ve 
%%-A_Ywe-A_ 1 _ Nth Ntm Bayt ny, 


— a 


A sO a a” 
“ C(@mu-yny)=4-B; C(x, +m,)=26; 
C(yitys)=27; and C (xy, + ayy.) = 24, 
Hence, substituting for x, and y,, we have x,, y, given by 
C (23 —y,*) -— 262, +2Fy,+d4-B=0, 
and Cx,y, - Fx, - Gy, + H =0, 
two equations to give the foci. They represent two rect- 
angular hyperbolas which intersect in the two real, and the 
two imaginary, foci, 
Again, since 
(lr, + my, +m) (la, + my, +) = E+ A (2 +m’), 
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the right-hand member must break into factors, the con- 
dition for which is 
C(A+A)(B+A) + 276H 
~(A +A) F?=(B +d) G?-(C +A) H*=0, 


or 

CM +A[(4 + B)C-- 6 

+(ABC + 2FGH - AFP*- BG?—-CH") =0. 

Now, if the foci are real, the value of A ia the square of 
the semi-minor axis; whilst, if the foci are imaginary, it 
can be shewn (from Part I, Art, 394) that A is equal to the 
aquare of the semi-major axis, Hence the squares of the 
semi-axes are given by the equation 

O2+A[(A + B)C- P-G]+4=0, 

where A is the discriminant of the tangential equation. 

160, Bx. Conice are drawn touching the sides of the triangle of 
reference and also the straight line (1, -1, 1); shew that the tangential 


equation of the envelope of the arymptotes is q(p+g+r1) - pr=9, and 
interpret the result, 


The tangential equation of an inscribed conic ia 


Lor + Mrp+Npqg=0. 
This is satisfied by (1, -1,1)if M=L+N, Henoe, on putting N=pL, 
the equation ia 
gr+(u+1) rp+upq=0.......... aekienaasuah (1). 
The centre is (Art, 167) 
p(Qutljtg (ut litr (ot 2) a0... (2). 


The asymptotes are given by (1) and (2). Eliminating w, we have 
(p-*)[q (p+q+r)—pr]=0. 
This is therefore the tangential equation always satisfied by the 
asymptotes. The factor p-r=0 gives p=q=r=0, 
Hence the equation required is 
(PTET —PTHO .ovcscccccssencnenvons (9). 
This is satisfied by p=q=0, and byg=r=0, Hence the envelope of 
(8) is a conic which touches the sidess:=Oandz=0. — 
By Art, 78, the point-equation is easily seen to be 
ot yl 4 28 + Dye - Orr + Qry =0. 
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EXAMPLES, 

1, Shew by dingram the position of the straight line whose areal 
ites are proportional to (~1, 2, 3), and of the point whose 
equation is ~p+ 29 +3r=0, 

2, In areal coordinates, shew that the tangential quation to a conic 
touching the sides of the triangle of reference, aah Satine ita centre 
Bt (2, Yor ta) is 

Wo +%y~ %9) gr + (8 +29 ~Yo) 1+ (29+ Y9- fo) pq=0. 

If the centre of the conic is the nine-point centre, ahew that the 

equation is 
qr sin 24 +rp 6in 28+ pg ain 9C =O, 

Bhew that greot 5+rp cok +99 cot “= (is the tangential equation 
of the circle inscribed in the triangle of reference. 

8, In areal coordinates, what curve is represented by the tangential 
equation 

(ap + bg —cr) (ap - bg +r) + (ap + by -¢r)(-ap+bq+er) 

+(-ap + by +cr) (ap - dg +er)=0? 

4, In areal coordinates, shew what is represented by the equations 

(1) ptan 4+q tan B+rtanC=0; 

(2) atp'=dbe gr: 

(3) 2p*=(p+g)r; 

(4) a./p+d alq+c/r=0; 

(6) a Jgtr+b Jrap+e /ptg=0; 
where a, b, ¢ are the sides of the fundamental triangle. 

5, Find the centre and asymptotes of the conio whose tangentis! 
equation is p+ pq — 29!- r=), 

8, Find the coordinates of the points of contact of the sides of the 
triangle of reference with the conio whose tangential equation is 

Lor + Mrp + Npq=0. 

Find also the centre of the conic, 

7, Shew that the straight lines joining the vertices of the funda- 
mental triangle to the points in which the conic 

ax" + by? +ca" + Ofys + Qgsz+ Shry=0 
cuts the opposite sides touch a conic whose taugential equation is 
bep* + cag* + abr*— 2af gr - 2bgrp - 2ch pq =0. 

8, Shew that the three perpendiculars from the vertioes upon the 
opposite sides of ns reference, and the three lines to the 
middle points of these ai from the vertices, all touch the conio 
whose tangential equation id 

Pain 2Bain 2C+...+...4+9mn ein A sin 244... +...=0. 
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Q, Find the tangential equations of the inscribed and nine-point 
circles of the tri of reference, and shew that one of their centres 
of similitnde lies on them. 

10, Shew that all conics of the system p'-q!= kr’, where k isa 
variable parameter, have one common asymptote, and that their other 
asymptotes all pass through a common point. 

11, If p and ¢ are the lengths of the perpendioulars on a variable 
line from two fixed points, shew that 

ap+bg+e=0 and ap*+ 2hpg +bg?=c? 
represent reapectively a circle and a conic. 

Interpret the equation pga’ =9k!, where the line (p’, q') is any 
tangent to the ellipse pq =A". 

19, Shew that the lines joining the vertices of the triangle of 
reference to the poles of the opposite sides with respect to the conic, 
whose tangential equation is 

Api+ Bg? + Cr+ 8F qr+2Grp+ 2H pq =0, 
meet at the point Fr=Gy=H1. 

If this conic touch four fixed lines, shew that the locus of this point 
is a conic cireumecribing the triangle of reference. 

19. If the equation to a straight line in rectangular Cartesian co- 
ordinates be lz +my+n=0, shew that the equation 4c*lm=n* repre- 
sents a rectangular hyperbola, and that the equation to its evolute is 

ce? (2 - m®}? + imn?=0, 

14, Shew that the equation to an asymptote of the conic ys =ka? is 

dkr+y+e= +(y-2),/1-4k, 
and shew that for all conics of the system its envelope is the 
parabola 
(y+2+22)fadye, 

15, Two tangents are drawn from a fixed point 0 to a conio; the 

first is met by a variable tangent in P, and the second by a parallel 
entin Q. Shew that the rectangle OP .OQ isconstant, (This may 
be solved by either tangential or homographie methods. } 

16, Shew that tangents to the conic 

Sear + by? +ce*+ Ofye+ dger+Dhry=0 
at the points where it is met by the line pr+qy+rz=0, are given by 


the equation 
§.Z=A(pr+qy+rz)', 


where =0 in the tangential eqnation of S=0, and A is the dis. 
criminant of 9, 
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Meaning of 34+Ai’=0. 


161. If 3=0 and 3'=0 are the tangential equations to 
two conics (1.¢, the conditions that the general straight line 
la +m + ny=0 touches them), then 2+ AX’ =0 is the tan- 
gential equation to a conic which, for al] values of A, touches 
the four common tangents of 3 and 3’. For it is satisfied 
by any straight line whose line-coordinates satisfy both 3 = 0 
and 3’=(), t.¢. by any common tangent to both conics, 

[The student should notice the analogy with the point 
equation J+A =0 (Part I, Art. 380). The conic S+AS'=0 
passes through all the points whose coordinates satisfy both 
S=0 and S'=0, The conic 3 + AX’ =0 touches all the lines 
whose coordinates satisfy both 3=0 and 3’ =0.} 


Particular Cases. 


434+APQ=0, where P and @ are linear, i.¢. they are the 
tangential equations of points, 

As in the general case this gives & conic whose 
equation is satisfied by 3=0 and P=0, or by 3=0 and 
Q=0, te. it touches all the lines which touch 3=0 and pass 
through the two pointa given by P=0 and Q=0, ie, it 
touches the four tangents which can be drawn from the 
points P=0 and Q=0 to the conic 3=0. 

3+AP!=0. If the point =0 moves up to, and ulti- 
mately coincides with, the point P= 0), the point of contact 
of the conic with the tangent from the point Q=0 will move 
up to, and ultimately coincide with, the point of contact of 
the tangent from P=0, i.e, the conic 3 +AP*=0 will touch 
the conic 3=0 at the points where the tangents from the 
point /?=(0 meet it. 

PQ+ARS5 =0, where P=0, Q=0, R=0, S=0 are the 
tangential equations of pointa A, B, (’, D. 

The equation is satisfied by any line which satisfies both 
P=0and R=0, ie. by the line AC; so by any line which 
satisfies P=0 and '=0, 1.¢, by the line AD; similarly by 
a line which satisfies Q=0, R=0, or Q=0, S=0, ie. by the 
lines BC or BD. Hence the equation gives any conic which 
touches the four lines AC, AD, BC and BD. 


Lu 1] 
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If P and Q coincide, then P?+ ARS =0 is the tangential 
equation of a conic which touches the lines AC and AD at C 
and D, where A, C, D are the points whose tangential 
equations are P=(0, R=0, and S=0. 

162. Bx. If p,, 4. Py, Ps are the perpendiculars from the angular 
points of a quadrilateral upon any tangent to a conic inscribed in the 
quadrilateral, then p, py= kp, py. 

Let (a, e@ys Pov Vols (850 Pas and (a4, Ay, 74) be the 
ordinates elles, Oval te eaten. 

Then fa, +m, +my,=0 ete. the ntial equations of the 
pointe ts ho the violets S aos et car anh tenn 1B 
AD, CB, CD, i.e. of any insoribed conic, is, by the last article, 

(la, + mB, + my,) (la +m By + Mya) =k (Lag + mB, + yg) peda 

Bot la, +mf,+ny, is ional to the p joular p,, aD 
shationty he vehi: jou we have — " 

P,Py= kyr. 

163. Tangential equation of the circular points 
at infinity. 

The circular points at infinity are given by the inter- 
section of the circle 


aBy + bya t+ Cah =0 vccssseeeererees (1) 
with the line at infinity 
aa+bB+ ey =O... savaviie (2). 
The straight line 
da + mB + my =O voecsiscrserrerees (3) 


passes through one or other of these points if these three 
loci have a common point, 
(2) and (3) meet where 
a pop oee | 
me—nb na-lc lb—ma 
and this point lies on (1) if 
=agr lc)((b—ma) +6(1b—ma) (me—nb) +¢(me-—nb)(na-Ic)=0, 
ie. i 
abe (P + m* +n?) — mn a (b? +. - a*) — nl b (c' +. a7 — 6°) 
— me (a* +b -—0*)=0, 


i, if 
P +m’ +n*—2mn cos A — 2nl cos B — 2lm cos C =0...(4). 
This equation, being the condition that (3) passes through 
one of the circular points at iufinity, is their tangential 
equation, 
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164. If the coordinates be Cartesian and rectangular, 
the corresponding condition that Ax + wy + y= 0 should pass 
through the circular points at infinity is A"+p’=0. For the 
condition (4) implies (Art. bed own that for every line through 


these circular points the perpendicular on it ee - 
is infinite, and A* + z= 0 means this in Cartesian rectan 


coordinates, 
Or, again, the straight lines through any point to the 
circular points at infinity are y+a/—l+c¢=0, Hence 


for these straight lines, a= 7h an so A’ + p*= 0, 


Similarly, for oblique Cartesian coordinates, the corre- 
sponding equation is A+ 2Ay cosw+p’=0, where w is the 
angle between the axes, 

If the coordinates are Areal, the circular points at 
infinity are given by the intersection of the circle 

ayz+Fexr+cay=0, and s+y+2=0, 
and hence their tangential equation is 
ap’ + bg? + o'r? — 2hegr cus A— 2carp cos B—2abpg cos(’ =0. 
Tangential equation to the foci of a conic 
and to confocal conics. 

165, We huve seen in Part I, Art, 392, that the 
(imaginary) tangeuts from the focus of « conic to the conic 
salisfy the conditions for being a circle, and hence they pass 
through the circular points at infinity through which all 
circles pass. 

If then from the circular points at infinity we draw 
tangents (imaginary) to the conic they form a quadrilateral 
two of whose angular points are the real foci, and the other 
two of whose angular points are the imaginary foci, of the 
conic, Also all conics which have the same tangents from 
the circular points at infinity have the same foci. 

If 3=0 is the tangential equation of any conic, and 

2' =P +m'+n*—2mn cos A — 2nl cos B-2lm cos C =0 
oi tangential equation of the circular points at infinity, 

én) 


3+Az'= 
ll—9 
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is satisfied by all lines which satisfy both 2 and %'=0, 
4.0. it is the tangential equation of all conics which touch 
the four tangents that can be drawn to 3=0 from the 
circular puints at infinity, 

But the other intersections of these four tangents are the 
foci of the curve. 

Hence 3 +A%'=0 has the same foci as ¥=0, and thus 
the tangential equation of all conics confocal with 3 =0 is 

3 +A[2 +m? + n'—2mn cos A - Ini cos B - 2im cos C’]=0 

If this equation (1) breaks up into linear faokiee and this 

by Art. 151, it will be found to do for two values of A, it 


represents two pairs of points, and these points are the foci 
themselves. 


166. Similarly, in Areal coordinates, the equation of all 
conics confocal with 3 =0 is 
3 4A (a*p* + b%y" + cr* — Qhegr cos A —Iearp cos B 
(a%p* + big! qr Licata " 
167. Tangential equation to the foci in Cartesian coor- 
dinates. 
If 3 =0 be the tangential equation to any conic, that to 
any confocal is 
S+A(P+m*)=0 0... eee (1) 
i.¢. 
(A +d) P+ (B+) m+ Cn® + 2Finn + 2Gnl + 2Hlm =0. 
This breaks into factors, which are the tangential equa- 
tions to the foci, if 
(A+A)(B+A)C + 2FGH -—(A +d) F*-(B+d)G*-Cif =0, 
i.e, if 
(ABC +2FGH - AF*- BG*-CH") 
+A(404+ BC-F°-G) +E =0, 
ie, if O° +A(o+ b)4+A°C=0, 
where A is the discriminant of the point equation. 
Eliminating A between this and (1), we have 
(2 + m?? A? — 2A (a + 5) (? + m*) + CX? = 0, 
as the required tangential equation of the foci. 


TANGENTIAL EQUATION TO THE FOCI 165 


It will be noted that in the above work it has been assumed that 
(ABC+9FGH - AF? - BG?-CH2)= (abe + 2fgh - af? - bg? - ch)?'= A, 


This can be proved by the use of the relations of Art. 73. For the 
left hand 


=A (BC- )+H (FG -CH)+6 (HF - BG) 
=A.a4+H.hA+G.gh=A(da+Hh+ Gg) =d%. 


168. General tangential equation to all conics having 
the given pointe S,, (a, By, y:), and Sy, (a4, Bay ys), 08 foot. 

If la +m@+ny=0 be any tangent, the product of the 
perpendiculars from the foci upon it is constant, Hence 

___ (la, + mB, + my,) (la, + MB, + Mys) , : 

ee tami lai ane eh 

The tangential equation required is thus 
(fa, + 108, + my,) (lag + mB, + ry,) 

=A[P+m* +n" -2mn cos A —2nl cos B -2lm cos C}...(1). 

If we want the parabola with SS, as focus, then S, is the 

Baek of contact of the conic with the line at infinity, and 
ence we have in addition 
aa, + 68, + ey, = 9. 

Similarly, in Areal Coordinates, the tangential equation 
of all conics having (x, y,, %) and (m,, y,, 2,) a8 foci is 
(pay + gyi + 7%) ( pay + 9Yo + 7%) 
= \(a*p* + bg? + cr" —2begreos A —- 2carp cos B-2abpq cos’), 
and, if the conic is to be a parabola, we have, in addition, 

2, +y,+2,=0, 


169. Jf d= az’ + Dhay + by’ + Iga + Bfy+c=0 be the 
general Cartesian equation to any conic, shew that the equation 
of all conics confocal with it ts 

+h) +A =0, 
where w= C (a8+y*) -202-2Fy+ A+B, 
A ia the discriminant of d, and k is a variable parameter, 

By Art 167, the tangential equation of any conic confocal 
with 6 =0 is 

(A+A) P+ (B +A) m®+ Cn? + 2¥mn + 2Gnl + 2HIm = 0, 
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Henee, by Art. 73, the corresponding point-equation is 
a (BO — F*+ 20] +y*[CA—G*+A0] + [(4 +A) (B +d) -H] 
+2y (GH -AF-XF) + 2a[HF- BG- dG] 
+ lay [FG —-CH]=9...(1). 
But, as in the same article, we have 
BC-F'=0A; CA-@=6A; AB-H*=cA; 
GH-AF=f4; HF-BG=gh; and FG -CH =hA, 
where A is the discriminant of the point-equation. 
Hence (1) becomes 
Ad (x, y) +A [C (a + y*?)-—26e-2Fy + A+ Bl +N =0, 
4,6, on putting A=<-A, it is 
+h) + PA =0. 
It will be noted that y=0 is the equation to the director 
circle of the conic (Part I, Art, 390), 
Cor. It may be deduced, by putting A =o, thatall conics 
confocal with az* + 2hay +by*+c¢=0 are given by 
at + Dhary + by? + po (2c eye SER EE A 
where p» is some constant. 


170. Bx. 1. Find the equation to the conic, whow foel are the 
— and ortho-centre of a triangle ABC, and which touches the 
side BC, 


The circum-centre is (00s A, cos B, cos C) and the ortho-centre is 
(cos B cos 0, cos 0 cos A, con A cos B), 

Henoe the tangential equation of the oonio is 

(F008 4 + moor +n cosC) (tooa Boos C + moos 0 cos A + cos 4 cos B) 

=A (2+ m?+n?- 2mn cos A — nl cos B- Dim oos C), 

a ee: the conic touches BC this equation must be satisfied by 

es | ” 

Henoe h= oon A cos Beoa C, and the equation becomes 

mn coa 4 (cos? B+ cos? (+2 cos A cos B cos C)+...+...=0, 

i, mncos A (cos B sin A sin C+cos Cain A sin B)+.,.+...=0, 
ie, mnoos 4 sin’ 4 +nl cos Bain? B+imcoaC ain? C=0. 

Hence the point equation is 

sin A ,/a cos A + sin B,/B cos B+ sin C ,/y cos C=0. 
The conio therefore touches the other two sides of the triangle, as 


would be expected, since the product of the perpendiculara on 
side of the triangle from the circum. and ortho-centres is the eae: 
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Bx. 2, Shew that there are four, and only four, conics inscribed in 
a triangle each confocal with a conic circumscribed to the triangle, and 
find their equations, 


A ciroumseribed conic is L@y+Mya+Nas=0 and its tangential 
equation is ./L1+ ./Mm+./Nn=0, i.e. 
Lites Mim? + N4n?- [Nima -2NLnl - 2LMIm=0, 
The tangential equation of any confocal is 
190+ Mtm?+N'n?-2MNmn - 2NLnl-2LMlm 
+) (2+ m? +n? — Qin coe d - 2n! cos H - 2im cos C)=0. 


If this conic ia inscribed in the triangle of reference, this equation 
must be satisfied by 


(1, 0, 0), (0, 1, 0), and (0, 0, 1). 
Hence L'=Mt=Nt= -}, 
and the confocal is 
ma (L'cos 4 - MN)+al (M* cos B - NL) +im(N*¥ cos C- LM) =0, 
The four different cases are then given by 
L=M=N; L=Ma-N; L=-MN=N; and -L=M=N. 
The corresponding circum-conics are 
BytyataB=0; By+ya-af=0; 
By-yat+ap=0, and -By+ya+af=0. 
The corresponding confocal in-conica have as tangential equations 


mn sin? +nLaint + Imsint =0; mn cost +-nloost > —tmsint © = i 


A B Cc A 2B 0 

iii } eal =e: = i Ls - be mips 
mn coa* = alsin 5 + mens? s 0; -mnain g thos q + moos? 5=9; 
and aa point equations 


sin Ja+ain> Yp+sing Jy =0; 
con S Ja + 008 JB + ain £720; 
008 4 Ja + sin 5 /=B+ 0008 aly =0; 


sin 5 «/~a+ 0085 Jat 00s S vy =0; 
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EXAMPLES, 
]. Find the foci of the conic whose tangential equation in Cartesian 
coordinates is 
192+ 16m? + 4im-1=0. 


9, From the tangential equation of the conic 
az*+ Dhey +by?+ 292+ 2fy+c=0, 
shew that ita fooi are given by the equations 
Cz4-202+ 4=Cy!-2Fy+B=K, 
where K is either root of the quadratic 
CK*-(a+6) Ak+A*=0, 
9, Shew that the circum-centre of the triangle of reference is one 
focus of the conic whose tangential equation is 
qr ain 2A +rp sin 2B +pq sin 2C=0, 
and find the other foeus. 
4, Shew that the trilinear equation to the ellipse through JF and C 


which has one foous at the angular point A of the triangle of reference 
ABC, and the other foons in BO, is 


atin? < + By +7ya+a08=0. 


5, Shew that it is possible to draw three equal parabolaa, with the 
ortho-centre of a triangle as focus, each touching two sides of the 


6, Shew that the locos of the foci of the conic y= ka’, for different 
values of k, is the ouble curve 


a (5° y*) + 28y (8 008 B--yooa C)=0, 
7, The coordinates being areal, shew that the conics given by 
Jap + 4/69 + fer=0, 
and tan 4 grt tan‘ rp+tan< pq =0, 
are confocal, 


§. A conic, confocal with the conic whose tangential equation is 
==0, touches the sides of the triangle ABC. Bhew that, of the conics 
which touch the four tangents from the points 5, C to Z, one hasa 
foous at A and the companion focus on BC, 

§, The sides of triangle inscribed in an ellipse touch a confocal 
ellipae; shew that the points of contact are the points at which the 
sides touch the correaponding escribed circles. 


10, A triangle is self-conjugate with respect to a conic; shew that 
the sides of its pedal triangle touch a confocal conic, 


CHAPTER VI 
RECIPROCAL POLARS 


171. If for any line £ we take its pole P with respect 
to a conic §, then, corresponding to any collection of lines 
such as J, we shall get a series of points P, and if the lines 
f, touch & given curve the points P will lie on another curve. 

So, if for any point P we take its polar Z with respect to 
a conic §, then, corresponding to any series of points P we 
shall get a collection of lines L, and if the points P lie on 
a given curve the lines J will touch another curve. 

Such a point P and a line J are said to correspond to 
one another, 
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Suppose that all the lines Z touch a given curve 3, ; let 
two of them, Z and Z,, meet in Q, and let their poles with 
to the conic § be Pand P,. Since the oa P is 
L, which through Q, therefore the polar of Q passes 
through P. So since L,, the polar of P,, passes through Q, 
the polar of ¢ passes through P,. | 
Hence the polar of Q is the line PP,. 
Now let Z, very nearly coincide with Z, 80 that the point 
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Q very nearly lies on the curve §,; then the pointa P, and 
P very nearly coincide also, and are very close points to 
one another on the curve S, on which all the points 
P, Pay Pay vee Hie 


. Hence, in the limit, when @ actually lies on the curve 
§,, the line PP, becomes # tangent np é¢ curve ,. 


Hence if, instead of starting with tangents L, L,, ... to 8, 
and go obtaining the pointe /, P,, ... on S,, we started with 
points such as Q on §, and took their polars, we should 
obtain tangents to the curve 5,. 

Thus whether we started with tangents to, or points on, 
S,, and took their poles, or polars, with respect to 5, we 
should obtain the same curve S,, either as the loci of theac 
poles, or as the envelope of these polars. 

So similarly whether we started with tangents to, or 
points on §,, and took their poles, or polars, with respect 
to §, we should obtain the same curve §,, either as the 
loci of these poles, or as the envelope of these polars, 


On account of this property either curve, §, or S,, is said 
to be the Reciprocal Polar of the other with regard to 
the conic 3, and this conic § is called the Auxiliary 
Conic. 


172. To any tangent Z to §,, which does not cut the 
conic § in real points, there corresponds t P within 
S; if ZL cuts § in real points the fase point P is 
without §; if the tangent Z i aloo a tangent to & the 
corresponding point P is on §, and is the point of contact 
of L with §, 

If from any point Q there can be drawn two, three, ... 
tangents to §,, then the corresponding polar of Q with 
respect to 5 cuts §, in two, three, ..: points, each one of 
these latter points being the pole with respect to S of one 
of the tangents from Q to S,. 

Hence the number of points in which any given line cuts 
5, is the same as the number of tangents that can be drawn 
to 5, from the point corresponding to that given line, i.e. 
the degree of 8, is the same as the class of S,. 
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Similarly the class of 5, is the same as the degree of 5). 

In particular, if 5, be a conic (which is a curve of degree 
2 and class 2) then .S, will be a curve of class 2 and degree 
2, a0 that 3, will alao be a conic, . 

Similarly, if &, is a conic, so also will 8, be, 

Thus The polar reciprocal of a conic with reepect to a conic 
is also a conic. 


173. If from the centre ( of the auxiliary conic 5 we 
can draw two real tangents to S|, then corresponding to 
these two real tangents we shall have two real points at 
infinity, and S, will be a hyperbola. For the pole with 
respect to § of any line through its centre C is at infinity. 

So, if we can only draw one tangent from (’ to S, (1.¢, if 
C lie on S,), we shall get one real point at infinity, and 8, 
will be a parabola, 

If we can draw no real tangents from @ to 8, (i.¢. if C is 
within .S,), we shall get no real points at infinity, and 5, will 
be an ellipse. 

Hence The reciprocal polar of any conic S, with regard to 
a conic § will be an ellipse, parabola, or hyperbola accordiny 
aa the centre of S is within, wpon, or without the conic S,. 


174. We observe that if §,,.8, are the polar reciprocals 
of one another with respect toa conic § there is a corre- 
spondence of lines and points, Thus: 

To a point (or line) of one curve corresponds a line (or 
point) of the other curve. 

To a point on (or a tangent to) one curve corresponds a 
tangent to (or a point on) the other curve. 

To the point of contact of a tangent to one curve corre- 
sponds a tangent at the corresponding point on the other 
curve, 

To the line joining two points on one curve corresponds 
the point of intersection of two tangents to the other curve, 

To the line joining the points of contact of two tangents 
to one curve corresponds the point of intersection of the 
tangents at the two corresponding points of the other curve. 
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To the point of contact, ie. two coincident points of 
intersection, of two curves corresponds two coincident 
tangents on the two corresponding curves. Hence if two 
curves touch, their reciprocals also touch ; also, if two conics 
rly double contact, their reciprocals have double contact 

80. 

To a self-conjugate triangle with respect to a conic (t.¢. a 
triangle, the intersection of two of whose sides is the pole 
of the third side) corresponds a triangle, the line joining 
two of whose angular points is the polar of the third angular 
point, i.¢, a self-cénjugate triangle with respect to the new 
conic. 

176. After a little practice the student will find it easy 
to write down the theorem which is the reciprocal of a given 
theorem. He will find it to consist simply in writing 
“straight line” for “point,” “intersect” for “join,” “polar” 
for “pole,” “locus” for “envelope,” “tangent to” for “point 
on,” “lie on a straight line” for “meet in a point,” “point 
of contact of a tangent” for “tangent at a given point,” etc., 
and vice verad. 

Some examples are now given. In one column is given a 
theorem and in a pees column the reciprocal theorem. 
The student should take any one of these theorems, and, 
without looking at the reciprocal theorem, write the latter 
down for himself. 


Given four points on a 
conic, the polar of a fixed 
point passes throughasecond 
fixed point, 

Given four points on a 
conic, the locus of the pole 
of a fixed straight line is a 
conic section, 

If a he be inscribed 
in a conic, the intersections 
of the opposite sides lie on a 
straight line. 

(Pascal’s Theorem) 


Given four tangents to a 
conic, the pole of a fixed 
straight line lies on a second 
fixed straight line. 

Given four tangents to a 
conic, the envelope of the 
polar of a fixed point is a 
conic section. 

If a hexagon be circum- 
scribed to a conic, the lines 
Joining its opposite angular 
points meet in a point. 

(Brianchon's Theorem) 
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If two triangles are in- * Iftwotriangles arecircum- 
scribed in a conic, their six scribed to a conic, then six 
sides touch another conic. angular points lie on another 

conic. 

If two triangles are self- § If two triangles are self- 
conjugate with regard to a conjugate with regard to a 
conic, theirsixangular points conic, their six sides touch 
lie on another conic, another conic, 

The three lines joining |§ The three points of inter- 
each vertex of a triangle to section of each side of a tri- 
the pole of its opposite side angle with the polar of the 
with regard to a conic are opposite angular point with 
concurrent, regard toaconic are collinear. 

A triangle is inscribed in § Atriangleis circumscribed 
a conic; the points in which toaconic; the straight lines 
each side meets the tangent joining each angular point 
at the opposite angular point with the point of contact of 
are collinear, the opposite side are con- 

current. 

Two angular points of a §§ Two sides of a triangle 
triangle lieon two fixed tan- pass through two fixed points 

ts to a conic, the side of a conic, their intersection 
joining them is a tangent to is a point on the conic, and 
the conic, and each of the re- eachof theremainingangular 
maining sides passes through ae lies on a fixed straight 
a fixed point; the locus of line; the envelope of the 
the third angular point of third side of the triangle is 
the triangle isa conic passing a conic which touches the 
through the two fixed points, two fixed straight lines, 

176, Bx. 1. A straight line is drawn to be cut harmonically by 


two given cireles. Its envelope isa conic whose foci are the centres of 
the two circles (Page 11, Ex. 2). 


Rewrite. A straight line cuts two circles (which the 
same two points on the line at infinity) in points giving a harmonio 
range. Its envelope is a conic insoribed in the quadrilateral, whose 
vertices are the poles of the line at infinity with respect to the two 
cirelea, aud the intersections of the circles with the line at infinity. 

Reciprocate, A point is taken such that the tangents from it to 


two conics, which touch two straight lines ng through the 
centre C of the auxiliary conic, form a harmonic pencil, Its locus is 
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a conic circeumecribing the quadrangle, whose sides are the polars of C 
with respect to the two conics the tangents from C to the two 
conics, 

Hence, The locus of points from which the tangents to Iwo given 
conics form a harmonic pencil is a conic passing through the four points 
af contact of a pair of common tangents (Arte. 118 and 117). 

Obtain the reciprocals of the following theorems; 

Bx. 9. Triangles in perspeotive are coazal, 

mx. &. If a conic is inscribed in a triangle, the straight lines join- 
ing each angular point to the point of contact with the opposite side 
are concurrent. 

Bx. 4. If a conic circumscribes a quadrangle, it is self-conjugate 
with respect to the triangle formed by the diagonal points of the 
quadrangle, 

Bx. 6. If a triangle is ciroumsocribed to s conic, and two of its 
vertices lie on given straight lines, the locus of the third vertex is a 
conic having double contact with the given conic. 


177. From this transformation by reciprocal polars it 
appears that to every theorem about points and lines there 
corresponds a theorem about lines and points. Thisis known 
as the Principle of Duality. 


178. To shew that the polar reciprocal af one con 8, 
with regard to an auziliary conic S w another conic having 
a common sel/-conjugate triangle with 8 and 8). 

Take as triangle uf reference the common self-conjugats 
triangle of § and S,, so that 

Se aa’ + bf" + cy’ = 0, 
and S, = a,a"+ bf? +, =0. 

We want the locus of the point (a’, f’, y’) such that its 
polar, viz. aaa’ + 588" + cyy'=0, with respect to 5 shall always 
touch §,=0, The condition for this is found by substituting 
(aa’, 56’, cy’) for 1, m, in the tangential equation of 8, 
(Art. 72), and the locus of (a’, f’, y’) is thus seen to be 


eo e 
=—a'+> #+-7'=0, 
a i ert 


a conic having a comnion self-conjugate triangle with 
and 3,. 
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Similarly the sare ae of 8, with regard to S is 


qe 4 B+S fan =, 
; ; 4 G 
16, it is S, Sa,0"+ bf +e,7=0. 
179. To find the polar reciprocal of the conic 


$1 (0, B, 7) = 0,0" +b, B+ ey" + 9f, By + 2g, ya + 2h, a8 =0 
with respect to the conic 
$ (a, B, y) = aa" + bf" + cy’ + 2/By + 2gya + 2haB = 0. 
We want the locus of the point (a’, 6’, y') which is oe 
that its polar with regard to d= Daiwa tone es b,=0. 
polar is 
a(aa' + AB’ + gy') + B (ha’ + BB 4/7’) + y (ga' +/B' + cy’) =, 
and the condition that it shall touch ¢,= 0 is obtained by 
substituting aa’ + hf’ + gy’, police Sig , and ga’ +f’ + cy’ 
for /, m, n in the tangential equation of ¢,. We thus Ee 
for the locus of (a, f’, y’), 
A, (aa +hB+ gy) + B, (ha +bB + fy) + C, (ga +/8 + cy)? 
+ 2F, (ha +bB +,fy) (ga +fB + cy) 
+26, (ga +/B + cy) (aa+AB + gy) 
+ 2H, (aa +hB+ gy) (ha + bB +/y) =0, 
where 4,, 3,, C,, ... are derived from the coeflicients of ¢, 
in the usual way. 
EXAMPLES. 
1, Shew ees Sree ia ite own reciprocal with respect to its 
conjugate hyperbola, 
Bhew that the of the 2 with 
tes ands prok tice eee a te 
rae, 


3, Shew that the reciprocal of a circle with respect to a rectangular 
hyperbola is a conic whose focus is at the centre o of the hyperbola, and 
pect rge.asipanbiniteeencay te, ape & with r to another 
concentric rectangular hyperbola ia also a rectangular hyperbola, 


4, If a conic S= spol hee coronene nig ie al 
ponie §'=0, then 5’ is its own polar reciprocal with respect to 
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§. Shew that the three conics 
atyyl—Ser /8-c1=0, 2t+yt+2ez ,/8-cl=0, 
and Qz? - 4 = Qc? =0, 
are auch that any one is the reciprocal of the second with regard to 
the third when they are taken in any order, 

6, Shew that the conie 

2 (1x +m py +nvz)?=(P + mi + n¥) (iz? + ay? 4 ves) 
is its own polar reciprocal with respect to the conic 
Nat + iy? + t=O, 

7. Two conics are such that each is its polar reciprocal with respec 
to the other, Shew that they have double contact with one another, 
and that the tangents drawn to them from any point on the chord of 
contact form a harmonic pencil, 

8, Shew that o conic ia its own polar reciprocal with respect to 
four conies, of which three sre real and the fourth is imaginary. 

9, If U=0, 7=0, and W=0 are the equations of three conics such 
that one is the reciprocal polar of the second with respect to the third, 
prove that they have a common self-conjugate a the equation 
to whose sides is J=0, where J is the Jacobian of U, V, 7. [Bee 
Page 94, Ex. 15.) 

180. The conic § with 2h to which the reciprocation 
is made is in practice nearly always a circle, and in the 
remainder of this book we shall assume it to be always 
a circle unless the contrary is stated. 

It has been shewn in Part I, Art. 165, that the pole of 
any line Z with regard to a circle of centre 0 is obtained 
by drawing OY ae rye to L, and on it taking a 
point P such that OP. ON = the square of the radius of the 
circle. 

Hence the polar reciprocal of any curve with regard to a 
circle, centre 0, is obtained by drawing a perpendicular O.V 
upon any tangent to the curve, and on it taking a point P 
such that O/ = on’ where & is the radius of the auxiliary 
circle. 

Hence, if we have two tangents, J and L’, to the conic 
and their poles, P and /’, with respect to the auxiliary circle, 
the angle between the two lines J and LZ’ is equal to the 
angle POP’, 
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Hence The angle between any two tangents to the original 
conic ts egual to the angle subtended at the origin by the two 


181. To find the polar reciprocal of the general conic 
(x, y)=a2* + Dhay + by + 2ga+ Yfy+e=0......(1) 
with regard to a circle, whose radius ts k, and whose centre is 
the origin, O, of coordinates, 

We want the locus of a point (2’, y') whose polar with 
respect to the circle, viz. ax’ +yy'-*=0, touches the conic 
¢=0. The condition for this is found by substituting 2’, y’ 
and —A/* for |, m and m in the tangential equation of ¢ 
(Art. 72). 

The locus of (2’, y’) is thus 

Aa" + 2 Hay + By — 2h Ga - 2 Fy + Ch’ =0...(2), 
where A, B, C, ... are found from the coefficients of ¢ in the 
usual way, 

By Part I, Art. 389, the equation to the pair of tangents 
from the origin to the original conic is 

Bzt - Hay + Ay? = 0 eseevenacese veel) 
and the asymptotes of the reciprocal conic (2) are parallel to 
Aa? + DHry + By? =0 o...cccceeessee(4), 
The straight lines (4) are clearly perpendicular to the 
straight lines (3). 

Therefore the asymptotes to the reciprocal conic are per- 
pendicular to the tangents from the origin to the original 
conic, and hence the angle between these asymptotes is 
supplementary to the angle between the tangents to the 
original conic, 


182. This also appears geometrically. For if we draw 

a tangent O7, or 07", from Q to the original conic the 

perpendicular, OV, on it from 0 vanishes, and hence the 

corresponding point P is at an infinite distance, since 

0P= ee. Also the direction of OP is perpendicular to the 
Lil 12 
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tangent 07’, and, since P is at an infinite distance, OP is 
parallel to an rye gt Hence the asymptotes are per- 

andicular to 07' and 07", and, aa before, the angle between 
them is supplementary to the angle 707". 


Conversely, the points at infinity on the original conic cor- 
respond to the tangents through the origin to the reciprocal 
conic, and hence the angle between the asymptotes of the 
original conic is equal or supplementary to the angle between 
the tangents from the origin to the reciprocal conic. 

The asymptotes of the reciprocal conic are imaginary, 
coincident, or real, according as the tangents from the origin 
O to the original conic are imaginary, coincident, or real, 
i.e, according as Q lies within, upon, or without the original 


conic, 


183. If the origin O is a point on the director circle of 
the original conic, the tangents from it are at right angles, 
so that the asymptotes of the reciprocal conic are at right 
angles. Hence, if we reciprocate @ conic with respect to a 
point on its director circle, we obtain a rectangular hyperbola, 
and conversely, if we reciprocate a rectangular hyperbola 
with respect to a point 0, we have a conic whose director 
circle passes through 0. 


184, Bx. 1. The reciprocal of the conic S+Ge1 with respect 


to the origin is the conic a?z?+ b'y!=k!, a coazal conic whose axes 
are the reciprocals of the original conic, : 


i 
Bx. 2, The reciprocal of the oonio = + ¥5=1 with respect to any 


point (2’, y’) is 
a® (2-2 +5 (y-y'P=[2 (2-2) +9 (y-y) + MP. 


185. Polar reciprocal of one circle with respect 
to another, 


Let C be the centre of the circle to be reciprocated and 
a its radius. Let 0 be the centre of the auxiliary circle, 
and & its radius, Draw OY perpendicular to any tangent 
at Q to the circle of centre (’, and let P be a point on OY 
such that OP.OF =. Then the locus of P is required, 
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Draw OU perpendicular to ('Q, and let 
2£QCO0= 4 P0z=6, and OP=r. 





Then a= CU+0¥=COcond +X =cc0s6+*. 


* 

; a 

‘ ie ee 

1 —- cos dé 
a 


Hence (Part I, Art. 335), the locus of P is a conic section, 


whose focus is 0, whose semi-latus rectum is a and whose 
eccentricity is =: 

It is iishis an ellipse, parabola, or hyperbola according 
as c Sa, 1.¢, according as the origin 0 lies within, upon, or 
without the circle that is reciprocated. 

As in Part I, Art, 339, the directrix is 

# = Ae ee pie . 

a ge ga — ee 
and hence the directrix of the reciprocal conic is the polar 
of the centre, C’, of the original cirele with respect to the 
auxiliary circle. Hence The centre of the given circle recipro- 

cates into the directrix: of the reciprocal conic, 
Pog oa tine are the ~ and minor axes of the reciprocal 

Meo 4 

a Raa =} 
12—3 
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186. If 0 be without the given circle, the tangenta to 
the latter at two points, 7’and 7", pass through 0. For the 
tangent 7'0 the pe it from ( vanishes, and the cor- 


responding point P is at an infinite distance, and lies on a 
line through O perpendicular to 07’. So for the tangent 70. 
Hence the lines through the focus 0, parallel to the asymp- 
totes, are perpendicular to OT and Of" respectively, an 


hence the angle between the two asymptotes is equal to the 
supplement of the angle between the tangents that can be 
drawn to the original circle from 0. 


This is also clear from the equation. 
For the angle that an asymptote makes with the axis Ox 


= cos! (Part T, Art. 315) = cos!2=2 700 


=5-< 700. 
. the required angle between the asymptotes 
=9-22TOC. 


187. To any four points lying on a straight line corre- 
spond four straight lines meeting in a point, and the cross- 
ratio of the four points is equal to that of the pencil of the 
four straight lines, 

For if the four points be P, Q, &, § and their reciprocals 
with respect to an a oy 0 be the straight lines P,, Q,, #,,8,, 
the angle between traight lines P, and Q, is equal to 
the angle POQ (Art. 1 ne ap 30 for the others. Hence, 
if the four lines meet in the point Q,, it is clear that 


[PQRS]= 0[PQRS]=0,[P,0,2,5,} 
Hence we have the important theorems of Art. 119 by 
reciprocation from the simple case of the circle, 


The croas-ratio of the 
pencil joining four points of 
a circle to any fifth point is 
constant, 

The cross-ratio of the 
points of intersection of four 
tangents toa circle with any 
fifth tangent is constant. 


The cross-ratio of the 
points of intersection of four 
tangents to & conic with any 
fifth tangent is constant. 

The croseratio of the 
pencil joining four points of 
a conic to any fifth point is 
constant, 
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The first theorem on the left is clearly true, since the 
angles at the fifth point are unaltered as it moves, 

The second theorem is true, because the angle that the 
line joining any two points of the four subtends at the centre 
of the circle is constant, being equal to one-half the angle 
subtended there by the corresponding pointe of contact. 


188. To shew that a system of four-point conics can be 
reciprocated into a system of concentric conics, and that a 
system of four-line conics can be reciprocated into rectangular 
Ayperbolas and also into concentric conics. 

For the four-point conics take as origin of reciprocation 
one of the angular points of the common self-conjugate 
triangle. Then the polar of the origin is the same for each 
conic, being the opposite side of the self-conjugate triangle. 
Hence, in the reciprocal system of conics, the pole of the 
line at infinity is the same for each, i.e. they have a common 
centre. 

For the four-line conics we know (Art, 99, Ex. 6) that 
their director circles all intersect in the same two points, 
Take one of these two points as origin. Then the tangents 
from the origin to each conic of the system are at right 
angles. Hence in the reciprocal system the asymptotes are 
at right angles, and the reciprocal conics are therefore all 
rectangular hyperbolas. 

As in the first part, if we take as origin of reciprocation 
an angular point of the common self-conjugate triangle 
(in this case the triangle formed by the diagonals), we obtain 
a system of concentric conics, . 


180. Bx. 1. The angles in the same segment of a cirele are equal. 

This may be written thus: If @ and R be fixed points on a circle, 
and P any other point on the circle, the angle between the lines PQ 
and PR ig constant, 

Reciprocate with respect to any point 0 and we have the following 
waneahici If Qand R are fixed tangents to a conio, of focus 0, 
and if P be any other nt to the conic, then the angle subtended 
at © by the points FQ and PR ia constant, i.e, 

If a variable tangent to a conic cut two fired tangents in A and B, 
the angle subtended by AB at a focus is constant, 
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Mz. 8. In any triangle the perpendiculars from the vertices upon 
the opposite sides meet in a point. 

Rewrite, If 4, B, C are the angular pointe of « , and if 
on BC is taken o point D such that the lines DC and DA are at 
— — and similarly for E and F, then AD, BE and CF meet 


Reciprocate with respect to a point O. If A, B, C are the sides of 
a le, and if through BC is drawn a line D such that the points 
DC and DA subtend a right angle at 0, and similarly for FE and F, 
then the points 4D, BE and CF lie on a atraight line. 

Hence, If PQR be a triangle, and if through a point O be drawn 
lines OP,, OQ, , OR, perpendicular to DP 06. OR to meet QR, RP, 
and PQ in P,, Q,, B,, then P,, Q;, 2, are collinear, 


Bx. 8. The locus of the centre of circles touching two straight lines 
ta the bisectors of the angles between the two given lines, 

Rewrite. Circles touch two given straight lines P and Q; the locus 
of the pole of the line at infinity with reapect to these circles is one 
or other of the lines, R, which pasa through the intersection of P 
and Q, and are such that the angle between P and FR is equal or 
supplementary to that between Q and R, 

Reci with respect to a point 0. Conica, of focus 0, pase 
through two given points P and Q; the envelope of the polar of the 
origin O with reapect to these conics is one or other of the points R 
which lie on the line PQ, such that the angle that P and R subtenda 
at O is equal or supplementary to that eubtended by Q and R, 

Hence, Jf a conic whose focus is 0 passes through two points P 
and Q, its directriz passes through one of the points on PQ oe it is 
met by the internal or external bisector of the angle POQ, 


Bx. 4. The rectangle contained by the segmenta of any chord drawn 
through a jized point 0 to meet a circle is constant, 

Let the chord meet the cirele in P and:Q; then P, Q being points 
lying on a line passing through 0 will reciprocate, with @ as centre, 
into tangents which meet on the line at infinity, ig. which are 
parallel. Also the perpendicular on the tangent corresponding to F 
x 
16 OP ‘ 

Hance Lf from the focus O of aconic perpendiculars be drawn to two 
parallel tangents, their product is constant, 

Bx. 8. The locus of the intersection of perpendicular tangents to 
a conic ts a concentric circle; also if the conic ts one of a system in- 
scribed in a given quadrilateral, the corresponding circles are coaral, 

Reciprocate with reapect to a point O. The envelope of the line 
joining two points on a given conic, which subtend a right angle 
at O, is a conio, of foous O, such that the polar of O with respect to 
it and the conic is the same; also, if the given conic is one of o 
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system passing through four given points, the corresponding loci 


touch the same two straight lines. 


Bx. 6, 4 system of conics have one focus and a pair of tangents 


common ; the cor: 


nding directrices pass through a common point, 


and have all their centres on the same straight line. 
Rewrite. A system of conics have one foous § and a pair of wee 
} point the 


common; the of 8 


through a common 


poles of the line at infinity lie on the same straight line. 


Reciprocate 


with respect to S. A system of circles pass through 


two common points; the poles of the line at infinity lie on a line, 
and the polars of the origin S meet in a point. 

Hence, In a system of coaxal circles the centres are collinear, and 
the polars of a fixed point meet in another fized point, 


100, Some further examples follow: 


Four circles can be drawn to 
touch the sides of a given tri- 
angle, and the sum of the re- 
ciprocals of the radii of three of 
them is equal to the reciprocal 
of the radius of the fourth, Also 
the lines joining their centres 
pass, two by two, through the 
angular points of the triangle. 

If from point on the ciroum- 
circle of a triangle perpendiculars 
be drawn to the sides, their feet 
are collinear. 


The locus of the centres of all 
conics inscribed in a given quadri- 
lateral is a straight line, 


If two conics have s common 
focus, w point of intersection of 
their directrices and a point of 
intersection of their common 
— aubtend a right angle 
at the foous, 

The ortho-centre of a triangle 
cirgomecribing a parabola lies on 
ite directrix, 


With o given point as focus 
four conics cam be drawn tw 
circomecribe a given triangle, 
and the sum of laters recta 
of three of them is equal to the 
latus rectum of the fourth. Also 
their directrices meet, two by 
two, on the sides of the triangle. 


ABC ie a triangle whose sides 
touch a conic, of focus O; the 
perpendiculars to OA, OB, OC 
passing through O meet any 
tangent in A, By, Cy; then Ad), 
BB,, CC, meet in a point. 

The envelope of the polars of 
a point O with regard toa syatem 
of conics circumscribing a given 
ot is @ —_ the 
polars of any point all pass 
through another point. 

[Reciprocate with respect to 
the foeus.] The line joining the 
centres of two circles, and the 
line samba common points, 
are perpendicular. 


[Reciprocate with reepest to 
the ortho-centre.] The ortho. 
centre of triangle inscribed in 
a rectangular hyperbola lies on 
the hyperbola. 
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The sum of the distances from If from a point within a circle 
ger pe of the perpendioulars be let fall u 


inte two any two tangents, whose of 
ener ty tangents ag pina pc scant aiaae the sink, 
Peas sum of 1 of tote reciprocals is 

constant. 


191. Reciprocation of a system of coaxal circles. 

With the figure of Part I, Art. 190, it can be easily shewn 
that the polar of either limiting point Z,, with respect to 
any circle of the coaxal system, passes through the other 
limiting point. 

For any circle of the system is, by Art. 188, 

z+ y'—2gn+ c= 0, 
and L, is the point (— V/<, 0). 
Hence the polar of L, is 
_ = ae-g(e-We) + ¢=0, 
i.e. (% - w/e) (g + s/c) = 0, 
i.e, it isa straight line through the other limiting point J,, 
parallel to the common radical axis of the system. 

If then we reciprocate the system of circles with respect 
to the limiting point J,, we have a system of conics, one of 
whose foci is £,; also, since the polar of the origin with 
t to the circles is the same for all, the pole of the line 

at infinity is the same for all the reciprocal conics, te. the 
centre of the reciprocal conics is the same for all. 

Hence the reciprocal conics have one focus, Z,, the same 
for all, and they all have the same centre; hence the second 
focus is the same for all, and the reciprocal conics are 
confocal. 

In the reciprocal figure the second focus is twice as far 
~— e origin /, as the centre is, and hence the reciprocal 

focus is one-half as far from Z, as the reciprocal 
i pipaaiie ie, it is one-half as far from J, that J, is, 

Hence the reciprocal of the second focus is the radical 
axis OY of the system of coaxal circles. 

Hence, Jf we reci e a system of coazal circles with 
regard to ons of the limiting points L,, we obtain a system of 
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confocal conica, one of whose foci is L,, and whose second 
focus and centre are respectively the reciprocala of the common 
radical amis and the line through the other limiting point L, 
perpendicular to L, L,, and conversely. 

192, Bx. 1. Confocal conics cut at right angles. 


Rewrite. A system of confocal conics is drawn; the tangents at s 
common point of any two of them are at right angles, 

Reciprocate with reepect to a focus 8. If a system of coaxal circles 
be drawn, one of whose limiting points ia S, then the pointe of contact 
of a common tangent with two of the circles of the system subtend a 
right angle at 8. 


Bx. 2. The tangents to two confocal conics at a point of intersection 


bisect the angles between the focal distances of the point. 

Rewrite. A syatem of conics have two points 5, and S, as foci, and 
P is a point of intersection of two of these conios; the two tangents 
at P and the linea PS,, PS, form a harmonic pencil, 

Reciprocate with respect to S,, Then, remembering thatthe reciprocal 
of the point §, is the line at infinity, and that the reciprocal of the 
point S, is the radical axis of the reciprocal coaxal system, we have; 
P ia a common tangent to two circles of » coazal system; the two 
points of contact of a common tangent P, and the two points of inter- 
section of P with the line at infinity and the radical axie, form 
& harmonic range. 


Or, 4 common tangent to (wo circles of a coazal system is bisected by 
the radical azxta. 


Bx. 8, Two points are taken on (wo circles of a coazal system which 
subtend a right angle at a limiting point L of the eystem; the envelope 
of the line joining them ts a conic with focus L. 

Reciprocate. If tangenta at right angles are drawn from a point P 
one to each of two confocals, the locus of P is a circle, 


Bx. 4. The polar of a fired point P with respect to a system o7 
coazal circles passes through a jized point Q, the two points eubtend a 
right angle at each of the limiting points of the system, and the line 
joining them ts a tangent to that circle of the system which passes 


through P. 

Reciprocate with respect to one of the limiting points L,. The pole 
of a fixed straight line P with wer to a system of bal conics 
lies on a fixed straight line Q, two straight lines are at right 
angles, and their point of intersection lies on that one of the confocala 
which touches the line P. 

Hence, The focus of the pole of a given straight line with respect to a 
system of confocals is the normal to that confocal which touches the 
given straight line. 
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EXAMPLES. 
Obtain more general theoreme by reciprocating the following pro- 
positions: 
1, The two opposite angles of ot rma insoribed in 4 circle 
are together equal to two right angles. 


2. Te engen pang point os dues Speer iene See 
to ite point of contact 


, ie between a tangent at any point of a circle and any 
sass Masnake to yank of Gretaie Me cous fe the Saas 
alternate segment. 


4, Every chord of a circle which subtends 4 right angle at a fixed 
point of the circle passes through the centre of the circle. 


§, The locus of the intersection of tangents to a given circle which 
meet at a given angle, and the envelope of the line joining their points 
eg are circles concentric with the given one. 


spr fbn, gu trajeetory of a system of coaral circles is another 
al of circles passing through the limiting pointe of the frat 


7. grein ean Rn ie el eae 
touches the tangent at the vertex. 


§, The sum of the perpendiculars from any point within a circle 
upon two parallel tangents is constant. 
Obtain the corresponding theorems of the following: 


0. If a oonie pasa through two given points and touch two given 
lines, the line the points of contact of the two tangents passes 
through one or other of two fixed points. 


10, If two vertices of a triangle move on fixed straight lines, and 
the sides pass each through & fized point, the loous of the third vertex 
is a conic, 

11, If three conics have each double contact with a fourth, their 
six chords of intersection will pass three by three through the same 
points, 

12, Given two homographic ranges P, Q, R, ... and P’, Q', R’,... on 


two straight linea; the envelope of the line PP’ is a conio which touches 
the axes of the two ranges. 


13. The -cirele cireumsoribing any triangle self-conjugate with 
regard to a rectangular hyperbola paasea through its centre, 


14, The tangents from any point to two confocal conics are equ 
tsabinal Se cask calm. i ” 
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15, The loeus of the foot of the perpendicular from the foeus of a 
conic upon any tangent to the conic is a circle concentric with the 
conic. |Reciprocate with respect to the focus.) 


By reciprocation, prove the theorems: 

16. The envelope of the chord of s conic which subtends a right 
angle at its centre is a concentric circle, 

[Reciprocate with regard to the centre, } 


17. Given three tangents to a parabola, the locus of its focus is the 
ciroum-cirele of the triangle, 


18, Ifa fixed line intersect a series of conics having the same foous 
and directrix, the envelope of the tangents to the conios at the points 
where this line meets them will be a conic, having the same focus, 
and touching both the fixed line and the common directrix, 

19, Two conics having s common focus whose |atera recta are 2/;, 
2i,, and whose eccentricities are ¢;, ¢,, can have triangles inscribed in 
the first which are cireumacribed to the second if 

Ufa Di; p= "4,9 + Ite, - 2), le, e, coaa, 
where a is the angle between their axea, 

[Reciprocate the theorem that the square of the distance between 
the centre of the circum-vircle of a triangle and that of any circle 
touching the sides is R*4+ 2Rr.) 

20, The normal at any point of s conic bisects the angle between 
the tangents from that point to a confocal conic. 


CHAPTER VII 
PROJECTION 


193. If all the points of any plane figure are joined to 
any fixed point in space V, and the joining lines moet any 
other plane, they will give a series of points which are called 
the projections of the first series of points. 

The point V is called the vertex, or centre of projeo- 
tion, and the second, or cutting, plane is called the plane 
of projection. 





") T' 

Thus, for every point ? on the first figure, we have a 
point /” on the second figure, so that the projection of a 
point is always a point. Also a straight line is always 
projected into a straight line. For the lines joining V to 
any point on the line PQ in the first figure lie in the plane 
vPO, passing through the vertex V and the line PQ, and 
pov: plane is cut by the plane of projection in another line 

vy. 
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194. A curve is always projected into a curve of the same 
degree, 

For if the original curve is cut by any straight line in the 
points P, Q, R, S, ... the miei of Pyaar will meet 
the lines VP, VQ, VR, VS, ... in the points P, Q’, #’, S’, .... 
Hence the pane of any straight line will meet the 
projection of the curve in the same number of points in 
which the original straight line met the original curve, 
#.2, a curve and ita projection are of the same degree. 

In particular, The projection of a conic section is always a 
conic section. 

195. A tangent lo @ curve projects into a tangent to the 
projected curve. 

For, if the line Q7' passes through two coincident points 
at (), the corresponding straight line Q’ 7” will pass through 
two coincident pointa at Q’. 

So if, in the original figure, we had two curves touching 
at @, we shall, in the projected figure, have two curves 
touching one another at the point which is the projection 
of Q. 


196. The relation of pole and polar is unaltered by 

For if, in the first figure, we have the tangents at P and 
Q intersecting in 7’, we shall, in the second figure, have the 
— at the sidan points P’ and (J intersecting 
in the corresponding point 7”, | 

197. If through the vertex V we draw a plane VAB 
which ts parallel to the plane of projection to meet the 
original plane in the straight line 48, then the projection 
of any point C on AB will be at an infinite distance, For, 
VC’ being parallel to the plane of projection, the corre- 
sponding point C” will be at an infinite distance. Thus the 
straight line AB projects into a straight line at infinity, and 
hence is called the Vanishing Line of the original 
figure. 

Similarly, if we draw a plane through V parallel to the 
original plane to meet the plane of projection in a line, then 
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this line is the Vanishing Line of the projected figure. For 
this is the line un the plane of the projected figure which 
corresponds to the line at infinity on the plane of the 
original figure, 

To project any given line AB of the original figure to 
infinity, it is therefore only necessary to take as the plane 
of projection any plane which is el to the plane through 
the vertex V and AB. 

Again, any straight lines which meet at a point on 4B 
will project into parallel lines; for their point of intersection 
will project into a point at infinity, and hence their projec- 
tions will be parallel lines. 


198, Similarly, parallel lines on the original plane will 
project into lines meeting in a point, For let a line through 
the vertex V, parallel to the system of parallel lines, meet 
the plane of projection in D, Then the plane through 7 
and any one of the parallel lines will contain the line VD, 
and hence the intersection of this plane and the plane of 
projection will pass through the point D. The projection 
of any one of the parallel lines will thus pass through D, 
and hence their projections will be a set of lines concurrent 
in the point D, | 

Since VD is always parallel to the original plane, whatever 
be the directions of different sets of parallel lines, therefore 
D always lies on the intersection of the plane of projection 
and a plane through V parallel to the — ie. D’ 
always lies on a definite line in the plane of projection, 
whatever be the directions of the different sets of parallel 
lines in the original figures. 

199. A range of three points can be projected into any 
other range of three points in space. 

A range of four points can be projected into any other range 
of four points in space, provided that the cross-ratios of the 
two sete of four pointe are the same. 

Let P, Q, R and /’, Q’, R’ be the two ranges of three 
points which need not be in the same plane. 
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Take any point V’ on the line joining P, P’ and let 
PQ,R, be any pity line in the plane through V’ and the 
line POR. Let V'Q' and V'R’ 
meet this line in Q, and &,. 

Join Q,Q, #,8, and let them 
V. 


meet in V. 

Then from the vertex V' the 
points P’, Q', # are projected into 
the points P, Q,, 2,, and from the 
vertex V the points P, Q,, 2, are — 
projected into the points /, @, R. 

Hence the first part of the pro- 
position is proved. 

For the second part let P, Q, FR, 
S and PF’, Q, &, 8 be the two 
ranges, 

Construct as before, let 7's’ cut PQ, R, in S,, and let VS, 
eut POR in X. 

Then, by Art, 2, 

(PQR'S) =(PQ,R,S,) = (PQRX), 
Hence, if (PQ’R) = (PQRS), 
we have (PQRX) =(PQRS). 
PQ FX PQ RK. | | 
| QR’ XP~ QR SP’ 1.6. RX. PS = RS, PX, 
ie. PS(RS—XS)= RS (PS - XS), ie. XS (PS— RS) =0, 
i.e, XS is zero, and hence X and S coincide. | 

The range PQ’ R'S’ therefore projects from the vertex V’ 
into the range /Q,#,8,, and then from the vertex V into 
the range PYRS. 





200. T'wo pencils can be projected inio one another, pro- 
vided their cross-ratios are equal. 

Let PYRS and P'Q'R'S' be any two transversals of the 
pencils, O and 0’ their vertices. 
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As in the last article, let PQ, 2,5, be the range into which 
theae can be projected by means of vertices V and V', 





From a vertex A, lying on OV, we can project the pencil 
0 ee) into the pencil V (PQ, 2,5,); from ae! vertex B, 
lying on VV", we can project the latter pencil into’ (P’Q'R'S'); 
and finally from any vertex (, lying on 0’ ¥’, we can project 
the latter pencil into 0’ (P’Q’'R'S). 


201. We thus arrive at the very important proposition 
that any two ranges (or two pencils) can be projected into one 
another if their cross-ratios are the same, or, more shortly, 
Homographic ranges, or pencils, are projective. 

Similarly pencils and ranges in involution are projective. 

The double rays and double points project into the double 
rays and double points of the new involution pencils and 
ranges. 

But the centre of an involution range does not project 
into the centre of the projected range. 
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202, As has been already stated in Art. 138, any set of 
four coplanar points (no three of which lie in » straight 
line) can be projected into any other four coplanar points in 
a different plane (no three of which lie in straight line). 


203. To shew that any straight line of the original figure 
can be projected to injintly, and at the same time any two 
angles of thia figure into two given angles, the plane of pro- 
jection being any plane which is parallel to the given straight 
line, and the vertex of projection being properly 

Let AB be the straight line which is to be projected to 
infinity, and let OC, OD 
and 0,£, 0,F be the two 
pairs of straight lines which 
‘ are to be projected into two 
pairs of straight lines con- 
taining given angles a and 
B respectively. Let ( and 
D, Pad F be the inter- 
sections of these puirs of 
atraight lines with AB, 

Through A#drawap 
parallel to the plane o is 
jection, In this plane so 
drawn describe ts of 
two circles, one hé 
and ) containing an angle a, and the other socase E and 
F containing an angle £. 

Let one of the intersections, V, of these two segments be 
taken aa the vertex of projection. 

Let VO, CO and DO meet the plane of projection in the 
points 0’, C’, and D’, 

Then, since we have taken the plane VCD to be parallel 
to the plane of projection O'C'D’, and since any plane VCO 
is cut by parallel planes in rallel lines, therefore VC and 
O'C' are parallel. Similarly VD and U'D' are parallel. 
Hence 2. U'U'D'= 2.0 VD~ the given angle a. Similarly, 
if the lines VO,, FO, and FO, meet the plane in the points 
O,', £" and F", the lines 0, #, 0, F will project into the lines 
0,'B’, 0;'F’, and the angle between them will be equal to the 
angle LVF, +e. B. 

LU 18 
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204. If the pairs of points (, D and £, F overlap, i.e. if 
one of the pair, ( and JD, lies between the pair ¥ and F, 
the two circles to determine V always meet, and hence V is 
real and definite. 

If neither of the pair, C and D, lies between the pair 
F and F, it may happen that the two circles do not meet, 
and then P is imaginary, and the projection is an imaginary 
one, 


205. The foregoing proposition is of fundamental im- 
portance in the theory of projection. By its use we can 
project many figures with very much simpler forma. 

Bx. To shew that a quadrilateral can be projected into a square. 

Let PQRS be the given quadrilateral (Fig. Art. 15). Project the 
line BC joining two of its vertices, 0, and Oz, to infinity, and at the 
same time the angles QPS and CAB into right angles. Since BC is 
oseaggetg to infinity, the sides PQ and RS are projected into parallel 

as also the sides PS and QR, Hence the new figure is a paral- 

lelogram. But thia parallelogram is a rectangle because one of ite 

new . - right angle; and it is then a square because the angle 
ite diagonals is a right angle. 


206. Any conic can be projected into a circle having the 
projection of any given point as centre. 

Let the given point be 0, and through it draw two chords 
POQ, P’OY of the given conic. 

Let the tangents at P | 
and @ meet in 7’, and the 
tangents at P’ and @ in 
7 i 


Project the straight line 
TT’ ww infinity, ae at the 
same time the angles 7'0R, 
TOR’ into right angles, 
where PQ and PQ meet 
TT" in Rand F. 

Since O is on the polar 
of 7’, therefore 7 is on the polar of 0. So 7” is on the polar 
of O. Hence 7'7” is the polar of 0. 

Since the polar of O has been projected to infinity, O has 
been projected into the pole of the line at infinity, ¢.¢. into 
the centre of the new conic. 





PROJECTION OF A CONIC INTO A CIRCLE 190 


Hence PQ projects into a diameter of the new conic, and 
OT into ite conjugate diameter. 

Similarly, P’Q’ and 07" project into a pair of conjugate 
diameters. 


Hence, in the projected conic, we have two pairs of con- 
jugate diameters which are at right angles. 

But no conic, except a circle, can have more than one 
pair of conjugate diameters at right angles. 

Hence the projected conic is a circle, 

If the point 0 is within the conic, the projection is always 
a real one, 


Cor. 1. If the point 0 is projected into the centre of 
the cirele, ita polar, i.e. 7'7", with respect to the original 
conic is projected into the line at infinity. 

Hence any conic can be projected into a circle, and at the 
same time any straight line can be projected to infinity, 
i.e, any straight line can be made to be the vanishing line. 

This projection is always real if this vanishing line does 
not cut the original conic in real points, 


Cor. 2. Any two pointa, and V, can be projected into 
the circular points at infinity; for draw any conic tig. = 
them, and project it into a circle and the straight line UV 
to infinity; the points U and V then project into the inter- 
section of a circle and the line at infinity, 4. into the 
circular pointe at infinity. 


207. Mx. 1. The cross-ratio of the range formed by four collinear 
points is the same as that of the pencil formed by their polars with respect 
to any conte. 

Project the conic into a circle; then the four points and their polars 
will project into four points and spel grey with regard to the circle, 
and the cross-ratios of the range the pencils are unaltered by 
projection. 

But in a cirele the line joining the centre 0 to any point P, is 
perpendicular to the polar of P,, and so for the others, Hence the 
angle between any pair of lines OP, OP, is equal to that between 
their Hence the croas-ratio of the pencil of polars is equal to 
that of the pencil OF,, OP,, OP,, OP,, and hence is equal to that of 
the range P,, Py, Ps, Py. 

13—2 
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Mx. 2. The cross-ratio of the pencil formed by joining any variable 
point on a conic to four fired points on the conic is conatant, and equal 
to the erow-ratio of the range in which any variable tangent to the 
conic cuts the tangents at the four jized points, 

As in the last example, on projection, we have only to prove the 
proposition for a circle. [Bee Art, 187.) 


Circular points at infinity. 

208. We have shewn (Part I, Art. 387) that all circles 
must be looked upon as passing through the same two points 
at infinity. 

Also ull conics through these two points are circles. For 
if 3=0, S’ =0 are two circles in Cartesian coordinates, the 
equation to any conic through their intersections is 

S+AS' =0, 
Also if, in both § and SS’, the coefficients of z* and y* are 
equal and that of wy is zero, the same statements are true of 
5 + A$", and hence $+ 4.8’ = 0 is a circle. 
If then we call, for brevity, these circular points at infinity 
J and J', we see that 

All circles pass through the same points at infinity J and J’, 
and all conics through J and J’ are circles. 

208. If O be the origin of rectangular Cartesian coor- 
dinates, the equations to 0/ and OJ' are y=+ ¥ —Iz. 

The cross-ratio of the range in which any two lines 04, 
OB meet JJ' =e) where . AOB=26. (Art. 88, Ex. 6.) 

Hence, if the two lines 0A and OB are perpendicular, 
the ratio= ¢"Y~! =coaw+4/—Isinx=—1, and the ratio is 
harmonic. Conversely, if this ratio is harmonic, we have 
cos 20=— 1, and sin 26 = 0, and the lines are at right angles. 
Hence 

Any two lines at right angles divide JJ’ harmonically, and 
two lines which divide JJ’ harmonically are at right angles. 

It follows that J and J are conjugate with respect to 
any rectangular hyperbola. 

From the condition of Art, 39, it follows that the lines 
OJ, OJ’ form two rays of the involution determined by any 
two pairs of lines, each pair of which is equally inclined to 
the same straight line. 


' PROJECTIVE GENERALISATIONS 


197 


- 210. Projective generalisations. 


It is convenient to set down the relations of certain 
geometric facts and ideas with respect to the circular points 
at infinity and the line at infinity. For brevity, we shall 
speak of the circular points as J and J’, and the line at 


infinity as JJ". 
Middle point 7 of a finite 
straight line PQ. 


A point R which divides a 
given finite straight line PQ 
in a given ratio A. 

Parallel Lines, 

Angle of constant magni- 
tude a. 

Two lines at right angles, 


Bisectors of an angle POQ, 


Centroid of a triangle, 


Ortho-centre of a triangle. 


A point 2 which with the 
intersection of PQ with JJ" 
divides JJ’ harmonically. 
[For (PRQ «o )=—1,] 

A point & which with the 
intersection of PQ with JJ" 
divides PQ in # given cross- 
ratio equal to —A. 

Lines meeting on JJ’, 

Angle whose bounding 
lines divide J/' in constant 
cross-ratio «*, (Art. 88, 
Ex. 6.) 

Two lines which divide JJ’ 
harmonically, 

Lines through 0 which 
divide /J’ harmonically, and 
which also divide OP, OQ 
harmonically, i.¢. they are 
the double lines of the invo- 
lution pencil determined by 
OP, OQ and OJ, OJ". 

Point of intersection of 
straight lines through the 
vertices of a triangle to points 
on the opposite sides, which 
with the intersections of the 
sides with JJ’ divide the 
sides harmonically, 

Point of intersectionof the 
lines drawn from the vertices 
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A circle, 
Centre of a circle. 


Concentric circles. 


Parabola., 
Rectangular Hyperbola. 


Foci of a conic, 

Directrix of a conic (i. 
Polar of the Focus). 

Principal axes of a conic. 

Coaxal Circles. 


Circle on AB as diameter. 


Centre of similitude of two 
circles, 
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of a triangle which, with the 
opposite sides, divide JJ" 
harmonically, 

A conic through J and J’. 

Pole of Jv’ with regard to 
a conic through J and J’. 

Conics having double con- 
tact at the points J and J”. 

Conic touching JU’. 

Conic whose intersections 
with JJ’ divide it harmon- 
ically, 

Intersections of the tan- 
gents to the conic from J 
and uJ”. 

Polar of the point of in- 
tersection of tangents from 
J and J’. 

Lines through the inter- 
sections of tangents to the 
conic from J and J’, other 
than thetangents themselves, 

Conics passing through J 
and J’ and two other points 
A and B. 

Conics passing through 
J, J’, 4, B, where AB and 
JJ’ are conjugate lines, 

Intersection of a pair of 
common tangenta to conica 


paasing through J, J’ 


11, Bx. 1. The angles in the same segment of a circle are equal, 
and the angle in a semicircle is a right angle. 
Rewrite, The lines joining any point P on a conic through J, J” to 


gic pa pies laya tnogpes ped und tool PJ" give 
of constant cross-ratio; and if the line QA passea through the 


of JJ’ the pencil is harmonies. 
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Project the points J, J’ into Guite points F, F’, and we have, The 
lines joining any point P on a conic to four fired points Q, F, R, F' 
on the conic give a pencil of constant cros-ratio; and, if QR and 
FF’ are conjugate, the pencil is harmonic, 


Bx. 2. The centres of a system of coazal circles lie on a straight 
line perpendicular (o the radical aria and bisecting it; also the ortho- 
gonal circles of the system have their centres on the radical axis, 

Rewrite. The loous of the poles of JJ’, with regard to a system of 
conics passing through PF, P’, J, J’, ia o atraight line passing through 
points U and Y, where (JUJ'O) and (PVP'0) are harmonio, 0 being 
the intersection of PP’ and JJ’; also the pole of JJ’ with regard to 
any conic through J, J’, the tangents at any one of whose other inter. 
sections with any conic of the syetem divide JJ’ harmonically, lies on 
the line PP’, 

Project J, J’ into finite points F, F’, i.e. substitute F, F for J, J’ in 
glssnigew ol It ia easily seen that the pointa U, V lie on the third 

iagonal of the quadrangle. 

Bx. 6. If two triangles are circumscribed to a conic, prove thal 
their vertices lie on another conic, 

Let the two triangles be ABC, A'B'C’. Through 4, B, C, B’, Cc’ 
draw a conio and project it into a circle, and at the same time B’C’ 
into the line at infinity, Then B’, 0’ become the circular pointa at 
infinity; the oy conic becomes a parabola sinee it now touches 
the line at infinity; also 4’ reciprocates into ite focus, since it is the 
point of intersection of tangents from the circular points. 

Henos we have to prove that If a triangle cireumscribes a bola 
“ cin parses through the focus of the parabola (Art, 92, 

1. 3). 


Bx, 4. If two triangles are self-conjugate with regard to a conic, 
their siz vertices lie on a conic, and their siz sides touch a conic, 

Let the triangles be ABC and A'B'C’, Project the oonio into s 
circle and at the same time BC into the line at infinity a0 that A, the 
pole of BC, becomes the centre of the circle. Alao 48C will atill be o 
self-conjugate triangle with t to the circle, ao that AB, AC will 
beoome perpendicular straight lines through the centre of the circle. 

Also A'B'C’ will become a friangle self-conjugate with reapect to 
the circle. But in a circle the line joining the pl of a cirele is per- 
pendicular to its polar. Henoe 44’, 4B’, AC’ are perpendicular in the 
new figure to B’C’, C’4', 4'B’, ao that A is now the ortho-centre of the 
new trisngle 4’B'C’, . 

A conic can be drawn throngh 4’, B’, C’, A and B and, since 4 is 
now the ortho-centre of 4’B'C’, this conic is a rectangular hype 
— will then also pasa through ( since AB and AC are perpen- 

ar, 

Again parabola can be drawn to touch the lines B’C”, C’4', 4'B’, 
AB and the line at infinity BC in the new figure. But the ortho-centra 
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of « triangle whose sides touch a parabola is on its directrix. Henos 
A is on the directrix and, since AB is one tangent to the la, 
the perpendicular AC is also a tangent. Henoe the six sides of the 
triangles touch a conic, 

Mx. 6. If a conic be inscribed in a quadrilateral the diagonals of 
this quadrilateral, and of the quadrilateral formed by the points of 
contact, meet in a point, and form a harmonic pencil. 

Project the conic into a circle, and the third diagonal to infinity, 
60 that the quadrilateral becomes a parallelogram ; the proposition at 
once follows, since all the diagonals now pasa through the centre of 
the circle; also one pair of the diagonals are the biseotors of the angle 
between the other pair, and hence divide them harmonically, 


Mx. 6. By projection, prove Pascal's theorem that the three points 
of intersection of opposite sides of a hezagon inscribed in a conic are 
collinear. 
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| the conic into circle and the line joining two of the points 

of interaeotion to infinity; we then have to prove that if the sides PQ, 

QR of a hexagon inscribed in a circle are parallel to the sidea ST, TU, 

then the sides RS and UP are parallel. This follows at once, since 
CSRU= 4SRQ-cORUV=r- 2QTS- ¢RUT 

=r- £PQT- 2RUT=¢PUT- ,RUT=<¢ PUR, 


Bx. 7. Ifa conicpasses If a conic passes through the 
vertioes of a quadrangle, the locus 
of the pole of any given straight 
line ig & conic passing thro 
the fourth harmonics of the points 
in which the given line meets the 
sides of the quadrangle, 

An infinite number of quadri- 
laterals can be described about a 
conic with their angular points on 
ite direotor circle. 


the vertioes of a quadrangle, the 
locus of its centre is a conic 
through the middle points of the 
sides of the quadrangle, 


Bx. 6. If o quadrilateral can 
be inscribed in one conic §,, and 
ciroumsoribed to another conic §,, 
an infinite number of conics can 


be so described, 

[Project 5, into a circle and the line joining two of the vertices of 
the quadrilateral to infinity; then the circle and the projection of Sy 
have the same centre, viz. the third vertex; also any parallelogram 
insoribed in « circle is necessarily a rectangle, so that the circle is the 
director circle of the new conic, Sinoe the projected theorem is true, 


it follows that the original theorem is alzo true. ] 


= On ecae tee tae 
of the ie upon any 
tangent to a central conic from a 
focus is a circle. 


The tangents from two fixed 
points F, F toa conic meet in 9; 
the loous of the intersection of any 
tangent, P, to the conic with a 
line through 5S, which with P 
divides FF’ harmonically, is 
conic passing throngh F and F’, 
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EXAMPLES. 
Generalise the following twelve theorems by projection: 
], The tangent at any point of a cirole is perpendicular to the radius 
to the point of contact. 
Q, Any diameter of a circle is bisected at its centre. 


3, Ifa straight line touches a circle, and from the point of contact 
a straight line is drawn outting the cirole, the angles which this line 
makes with the tangent are equal to the angles in the alternate 
segments of the circle. 


4 Chords of e circle which subtend equal _— at (1) the centre, 
(2) the circumference, envelope a concentric circle, 

5. If two circles are concentric, any chord of one which touches 
the other is bisected at the point of contact. 


§, The feet of the perpendiculars drawn to the sides of a triangle 
inseribed in a cirele from any point on the circle are collinear. 


7, If PSP’ be a focal chord of a conic and the tangents at P, P’ 
meet in Z, then Z liea on the directrix and ZSP is a right angle. 


8, The envelope of « chord of a conic which subtends a constant 
angle at the foous, and the locus of its pole, are conics with the same 
focus and directrix aa the original conic. 


0, The locus of the intersection of two tangents to a poe, 
ober gala im angle, ia a hyperbola with the same foous and 


nl If a foous and two tangents to a conic are given, the loons of 
the other foous is a straight line. 


ll. Given the foous and two points on a conic, ths directrix passes 
through one or other of two fixed points. 


19, Given three concentric circles; any tangent to one of them ia 
cut by the other two in a range of constant crogs-ratio. 


13, A triangle ABC can be so projected that any three lines through 
rc llesiereae aptcne tea aula shall become the medians of 
triangle in the projection, 

[Projeot the polar line of 0 to infinity, Art, 60, Exe. 6, 6.] 

ed® Any triangle can be projected into an equilateral triangle by a 

real projection. 
alt Any conic can be so projected that two given points 5 and 5 
project into a pair of fooi. 

Draw tangents from § and 3’ to meet in T and 7"; through T and 
rsa ay ee project this conic into a circle, and the line TT 
to infinity 
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Ri eagles three chords 44’, BR’, and CC’ of s conic can be projected 
ebords of a circle. 


wet the conic into a circle and the live joining the interseotions 
of AB’, 4'B and of BC’, B'C to infinity.) 

If A’ coincide with B, B’ with C, and C' with A, deduce that a conic 
and an insoribed triangle can always be projected into « circle and an 
inseribed Senee triangle. 

17, Conics having & common foous and directrix can be projected 
into concentric circles. [For they are conics having double contact. } 


18, Any two conics oan be projected into circles. [Project one conic 
into # circle, and the common chord of the two conics to infinity.) 


19, Any two conics can be projected into concentric conics, [Pro- 
ta side BC of the common self-conjugate triangle ABC to infinity, 
is en pt BAC ie projected into a right angle, we have concentric 
nics. If 8, C are projected into the circular pointe at infinity, 
we =i concentrie GREER: byperbolas. | 


bolas can be projected into conics —_ 
we points FF cc te points. [For the intersections 
r hyperbola with Ww divide JJ’ harmonically.) 


212. ‘dh seid Danial bleibt 0 punbetibeial ta 

Let the quadrilateral be PQ AS, as in the figure of Art, 15, 
and let two of the sides intersect in 0,, ss al two 
in 0). 

Draw any conic through the points 0, and 0,, and project 
it into a circle, and at the same time the Kine 0, 0, into the 
line at infinity. 


Then 0, and 0, are projected into the circular points at 
infinity, and the conics into a set of conics inscribed in the 
projected quadrilateral. Since the sides of the new quadri- 
lateral pass through the circular points at infinity, their 
other points of intersection are the four foci, two real and two 
imaginary, of any conic inscribed in the new quadrilateral. 

Since the foci of the new system of conics are the same, 
the conics form a confocal system. 

Hence the proposition, 

Cor. Any two conics can be projected into confocal 
conics, For they are inscribed in the quadrilateral formed 
by their four common tangents, 
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213. A system of conics which pass through four given 
points can be projected into a system of coaval circles. 

Lat the four given points be P, Q, R, 8. Project the line 
joining any two of them, say P and J, to infinity, and one 
of the conics into a circle, Then P and 2 will project into 
the circular points at infinity, and through their projections 
will pass all the projected conics; these projected conics will 
therefore be all circles, since they pass through the circular 
points at infinity. Also these circles will all pass through 
the projections of the other points Q and J, and will thus 
be a coaxal system, 


Cor. Conics which have double contact with another can 
be projected into concentric circles. 

For, in thiscase, the conics will pass through twocoincident 
points at P, and two coincident points at FR. Hence 
will project into circles touching one another at the circular 
points at infinity, i. they will become concentric circles 
(Part I, Art. 388), : 


214. Bx. 1. 4 quadrangle can be so projected that its sides and 
two of its diagonals become the three sides and the three perpendiculars 
of a triangle, and hence all conics through four points can be projected 
into rectangular hyperbolas. 

Let the quadrangle be as in the figure of Art. 64. Project the angles 
PBQ, QCR into right angles. Then in the new figure we have four 
points, such that each is the ortho-centre of the triangle formed by 
the other three. Also the lines joining the four points, viz, the sides 
PQ, QR, RS, and SP and its two diagonala QS and PR, beoome tha 
sides and perpendiculars in the new figure, 

The conics of the original figure become in the projection conics 
ciroumseribing a triangle, and passing through its ortho-centre, and 
hence the latter are all rectangular hyperbolas, 


Bx. 2. [f a system of conics pass through four points they will cut 
any raked involution, FH wtbnabt Paull “ 

Project the conics into coaxal circles. Then, if any transversal outs 
the common radical azia in 0, any one of the circles in P and P’, and 
another in Q and Q’, we know that the rectangles OP , OP and 0Q. 0’ 
are equal; for each is equal to the square of the tangent from 0 to all 
the circles. Henoe, (Art. 29), we have an involution. 


Bx. 6. If two conics be inscribed in a quadrilateral, two of whose 
vertices are Fand F’, the tangents at their common points divide FF’ 
harmonically, 
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Project F and F* into the cirenlar points at infinity, so that the 


conics become oonfocal conics ; and we! ve to prove that the tangents 
at a common point out JJ’ , i.e, we bave to prove that 
Confocal conics cut at right angles. 


Fg 4, oe Raat pole 
of a straight line P, wi regard 
to a system of confocals, is the 

to the confocal, which P 
touches, at the point of contact 


The locus of the pole of a 
straight line P, with to a 
system of conics, to g the 
sides of a quadrilateral SF S'F’, 
is a straight line passing through 
tof contact of P with one 


of P, the 
of the conics, and which with P 
divides FF’ harmonically. 

Bx. 6. The loous of the inter- The locus of the point of inter- 
section of two tan- section of two tangenta to a conic, 
gents to s conio is a concentric which divide the line joining two 
circle; and the envelope of the given points F, F” oe 
chord of contact is a confocal iss conio passing through F, F 
conic, the pole of FF’ with i to 

these two conics 

also the envelope of cau 
contact is another conie touching 
the tangents from F and F to the 
original conic, 

Bx. 6. If the original conic If the original conic touches 
is @ parabola, the loons is the FF’, the loous is the line joining 
directrix and theenvelopereduces the points of contact of the other 
to the foous, tangents to it from F and F'; 

and the chord of contact panses 

through the point of intersection 

of these tangenta from F, F’. 
EXAMPLES, 


By projection prove the following six theorems: 
1, If the lines joining the vertices of two triangles are concurrent, 


then the correspondi 
linear, 


ding sidea meet in three pointe which are col- 


9, Two conics have double contact at F and F’, and ( is the pole 
of FF’; a tangent to one conio at P meets the other in 4 and A and 
FF" in Q; prove that ( (4 PBQ) is harmonic. 

4, ato tatiintn. inscribed in @ conic pass through fixed 
points Pand Q ; shew that the envelope of the third side is aconic having 
double contact with the given one, [Project the conic into s circle and 
the line PQ into the line at infinity.) 


4 2 Petiranrd nena RE ES points, the common 


tangent to any two is cut harmonically by the third 


conic, 
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Pea two conics eel m [Peied te te have Sr a es 
“conjugate triangles ject line joining ot get o 
contact to ity and we have two concentric circles; 


“athe lines through the centre together with tbe line at indalty 
rm a self-conjogate triangle for the concentric cireles.] 


8, The diagonal triangle of s quadrilateral which circumecribes 


a conic is self-conjugate with respect to the conic, [Project the quadri- 
lateral into a square.] 


Generalise the following eight theorems by projection: 


ot If two circles meetin two real points, the common chord bisects 
the common tangents. 

Dedues that, if PQ is the common chord of an ellipse and ita cirele 
of curvature at P, then PQ, the tangent at P and the lines joining P 
to the pointe of contact of a common tangent form a harmonic pencil, 

8. Chords of a conic, which Per a right angle ata point 

Bgler 


P of the conic, pass through a f red point on the normal at 
Point.) 


0, The locus of the garantie ge byperbola which ciroum. 
scribes @ triangle is the nine-point cirole of the triangle; also, if the 
hyperbola is self-conjugate with respect to the triangle, the loous is 


the cireum-ci 


10, The directrix of a parabola which touches the sides of « given 


triangle passes through ita ortho-centre; also, if the parabola is self. 
re a a the directrix passes throngh the circom- 


"HL, in ol ht ppt 
w normal a parabola is another para 
Seeiet tiki the foemec, — 


Pt. A point P moves on a straight line ; the locus of the centre of 
cirale which through the feet of the three normals drawn 

ard iss porakete cee Sotenaa da 

13, The circum-cirele of a triangle which is self-conjugate with 

regard to a conic outs its director-cirole i 

_Also reciprocate the theorem with respeot to a point on the director. 


wg Stand of the Sell orp) sey Serie. wat 
confocals is reer iekia the azes of the confocal, and having 
the given point on ite directrix. 


15, ee a ee jection and reei 
ruse if two circles cut whiny Go cak any Raclaee srsene 
circle are conjugate with respect to the other circle. 


CHAPTER VIII 
INVARIANTS 


215. If 
Sz az’ + by +02" + 2fyez + Qgaxr+ 2hey=0, 
and = J Sa'x' + by? + c's" + Of’ ye + 2g'se + Dhay =0 
are the equations to any two conics, the equation to any 
conic through their points of intersection is 
kS+S=0 . Oy +(1), 
The condition that this latter conic » alent ve a pair of 
straight lines is 
(ka + a’) (kb +b’) (ko + ') + 2 (Ay +") (kg + 9’) (bh + h’) 
m(ta+ 3) 4/0 +8) 9 +g P—(ln+e) (sh P=0 
A+ @ +0 + A’=0.. (2), 


an . 
ep any ee ee ey Gq; 
@=a' (be —*) +b’ (ca —g*) + ' (ab - bh’) 
+ 9f" (gh~af) + 2g (hf by) + 28 (fy oh) 
= Aa’ + Bb’ + Cc' + 2F/f' + 2Gg' + 2Hh'; 
@ =a (bce! - 7") +b (cea -—g")+e(ab'-h 
+ Of (g'h' — aif") + 2g (hif' — bg’) + 2h (f'g' - ch’) 
= A'a + Bb + Cc + 2F'f + 26'g + 2H; 
pee 
e+ Of'g'h' —a'f"—-b'g?— ch" =A'a' + Hh’ + G'g’. 
eo: A, A’ are the discriminants of the two conics, and 
the capital letters have the usual meanings as defined in 
Art. 72. 
The equation for & has therefore, in general, three roots 
corresponding to the three puirs of straight lines that can 
be drawn through the four (real or imaginary) intersections 
of the conics. 
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If we eliminate & between (1) and (2), we have, as the 
equation to these three pairs of straight lines, 
AS? -@575 + OS'S - A'S +0. 


The coordinates in which § and §’ are expressed may be 
of any kind—Trilinear or Areal or Cartesian. If the latter 
coordinates are used, we merely put 2 equal to unity. 


216. Ifon transferring to any new system of coordinates, 
of any kind whatsoever, the quantities 5 and § become §, 
and §,', then clearly &S + 8° will become &S, + §,', and & is 
unaltered, If, in addition, k3+S represented a pair of 
straight lines, it must still continue to du so. Hence the 
" equation giving the values of &, for which &.S +S represents 
straight lines, will be the same as that giving the values of 
k, for which &S, + 8,' represents straight lines. Hence the 
roots of equation (2) of the previous article must remain 
unaltered by the transformation, and so the ratios of any 
two of the four quantities A, @, @', and A’ must remain un- 
altered, and be independent of the particular axes or system 
of coordinates, 

For these reasons these quantities A, @, @', and A’ are 
called the Invariants of the two conics S=0 and J =0, 

In the case of any two conics if we have calculated the 
values of these four quantities, and find any homogeneous 
relation to hold between them, we can be certain that the 
same relation will exist between them however we may 
transform the axes of coordinates. 


217. In the course of the transformation it may hqwever 
happen that one equation has been multiplied by a constant 
quantity, but not theother. Thus, suppose that the coefficients 
of the terms in S’=0 had been multiplied by a quantity p, 
and that the terms in §=( had not been multiplied by p, 
then, since @, @, and A’ contain the coefficients of §’ in 
the first, second, and third degrees respectively, the new 
quantities @, @', A’ would have been multiplied by p, p’ 
and p* respectively. Any homogeneous relation between 
the original invariants would not necessarily remain true. 
Thus the homogeneous relation @4=@'A' would become 
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p®, x A, = p*@,' xp*A,', which is not of the same form as before 
But the homogeneous relation @@'=AA' would become 
p®, x p'@,' =A, x p’A,', 1.4, @,0,'=A,4,', which is of the same 
form as before, 

Hence, that we may be sure that a relation between the 
above four quantities remains the same whatever the trans- 
formation, including the case when J and S’ are multiplied 
by different constant quantities, the relation must be homo- 
geneous both when A, @, @’, and A’ are considered as of the 
same dimensions, and also when they are assumed to be of 
dimensions 0, 1, 2, and 3 respectively, or when they are 
assumed to be of dimensions 3, 2, 1, and 0 respectively. 

918, For convenience of reference the values of the in- 
variant quantities are written down for certain standard 
cases of frequent occurrence. 

In-conic and circum-conic. 

8 = Pe + miy + ns? - Imnys— Inlex — Umay; 
S' = 2f'yx + 2g'xx + Qh'ay. 

A =-- 4P mnt; @ = 4imn (If" + mg! + nh’); 

@' = - (I/" + mg’ + nh’)'; and A’ =2/"g'h., 

In-conic and self-conjugate conic. 

S= Pat + miy' + nz! — Imnys — Index — Wmazy; 
S's La? + My + Ne. 
A=-4'n'’; @=0; 
@ = PMN +m'NL+n'LM; and A'=LMN. 
Circum-conic and self-conjugate conic, 
S = 8fys+ Igen+ Dhay; 
Ss Lat + My + Net. 
A = 2fgh; @ =—(Lf*+ Mg + Nh*); @ =0; A’= LMN, 
Two self-conjugate conics. 
S= Lat + My'+ Ne; 
S = Dist + My + N'2*. 
A=LMN; @=L'MN + M'NL+ N'LM; 
@’=LM'N'+ MN'L'+NL'M’; A'=L'M'N", 
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Ellipse and Circle. 
a. 
Ss5+5-1; 


S =(%-a)'+(y—B)- 7%. 


Two circles. 
S=(e-a)'+(y—fy-r, 
§' = (w—a'}* +(y— fF - 1”. 
=-7; @=(a-a’)}? + (8 -—f')P—2r* —1?; 
@'=(a—a'+(8—f)——2r"; a’=—r4 
Parabola and Circle. 
Ss y'—4pa; 
S' = (w-a)*+(y— py -r. 

A=-4p’; @=-—4p(p+a); O = f'-—4pa—7r'; A’=—r', 

219. We shall now examine the geometrical meaning of 
the vanishing of some of the invariants, and of certain rela- 
tions between them. 

@=0. 

From the value written down in Art. 215, itis clear that © 
vanishes when f=9 =A =0 and at the same time a’ =b'=<' =0, 

8 then becomes az* + by? +cz'=0, i.e, a conic self-conjugate 
to the triangle of reference, and 5’ becomes 

2 f'ya + Ig'ex + 2h'ny =0, 
i.¢, & conic circumscribed to this triangle. 

Hence @ vanishes when a triangle self-conjugate to S can 
be inscribed in S". 

From the same article it is clear that @ also vanishes when 
be =f, ca=g", ab =A* and at the same time f’ =g' =/' =0, 0 
that 5 is an inscribed conic and 5’ is a self-conjugate conic. 

Hence @ also vanishes when a triangle can be drawn to 
circumsoribe S and alao to be self-conjugate to S. 

Lu 4 
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220, Conversely, [f 6=0, meeps ab number of triangles, 
self-conjugate to 8, can be inacribed in 8 


(2) an injinite paar of triangles can be rm to circumscribe § and 
be self-conjugate to 


To ee a int 4 on §', and let its polar with regard 
to 8 meet 3! ‘in Band C. PWith ABC aa triangle of reterance, we have 


Saazt+ byt +ext + 2fys=0, 
and S' a Of'yz + 2g'sx + Qh'ry =0. 
[For g and h are both sero, since the polar of A is z=0,] 
Since 6=0, .. - 2a/f'=0. 


But /’ cannot be zero; for then §’ would be two straight lines; 
neither can a be cero, for a similar reason. 

Hence f=0, and thus the triangle of reference, which is inscribed in 
SS’, is also self-conjugate with respect to 8. 

Binee 4 is any point on di there are an infinite nomber of anch 
triangles, 

To prove (2), let BC be any tangent to 8, whose with regard to 
S' is aes AB and AC be tangenta to 8. Wits 450 as triangle 
of reference, we bave 


Sw Prt + my? +nts4 — Imn ys — Index - Wmzy=0, 
and = S' ma'x? + b'y? + o's? + 2/’y2 =0. 
Since @=0, -.4lmnf’ =0. 
But neither |, m, nor n can be zero; for then § would be a pair of 
coincident straight linea, 


Hence f’=0, and thus the triangle of reference, which is circum- 
soribed to 8, ia also self-conjugate to S$’. 


Binee BC is any tangent to §', there are an infinite number of such 
triangles, 

221. 6'=0. 

From the values in Art. 215, it appears that @' vanishes 
when f=g=A=0 and at the same time b’c’=/", ca’ =g” 
. and a’b’=h", so that § is a self-conjugate conic and 9’ an 
inscribed conic. 

Hence © vanishes when a triangle self-conjugate to S can 
be circumscribed about ’. 

Again, @' also vanishes when a=} =c=0, and at the same 
time f’ = g'=h' =0, i.e. when J is a circumscribing conic of 
the triangle of reference, and 5’ a self-conjugate conic. 

Hence @' alao vanishes when a triangle can be inscribed in 
3 which is sel/-conjugate to 5’, 
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As in the last article, the converses of the above theorems 
can be shewn to be true, 
Hix. Let 5 be the ellipse 


and 5’ the parabola 


222. @ = 4A9', 

Suppose we want the condition that a triangle can be 
ircumacribed to one conic . and inscribed in another conic 
'. Assuming that such a triangle exists, take it for the 





S = Pat + m'y" + n'2*— Imnys—2Inlzxr— may = 0, 


and 
S' = Of'yz + 2g'ex + Dh'zy = 0. 
Then, from the results in Art. 218, it is clear that 
@ = 440’, 

This relation is homogeneous in A, @, @' and A’; it is also 
homogeneous if they are assumed to be of dimensions 0, 1, 2, 3 
respectively; for each side is of dimensions 2. 

It therefore is an invariantal relation of the form spoken 
of in Art. 217, and hence this relation must always exist 
between the equations of two conics such as Sand8’, Hence 

If a triangle can be civewmscribed to S=0, and also be 
inscribed in S'=0, then @ = 440’, 

Conversely, [f 0?= 4A’, thena triangle, and any nuinber of triangles 
can be circumscribed to S=0 which are inscribed in S’=0. 


For let any tangent to § meet §' in the pointe B, C, and let the 
other nts to § from Band @ meet in 4. Than A shall algo lie 
on 5S’. Take ABC as the triangle of refarence, 


Then = See Pat 4 miy?+n¥2?- Qn ys - Ind sx - Dim ey, 
and S'sa's!+Of'yz + 2g's2+ Wry. 
[For 8 is an inscribed conic, and §' goes through B and C,] 
Hence A= -4Pmint; © =4imn (lf +mg’ +nh'); 
@' = - (If! +mg'+nh')*+2mna'f’; A'=f’ [2g'h' -a'f'). 
Hence, since 67=4A6', we have Pm'n'a'/’ =0, 
14—2 
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Neither i, m nor n can be sero; esaney tepecey Los. eegy 
a pair of coincident atraight lines; nor can f" be nero; en S' 
would be « pair of straight lines. Hence we must have a’=0, and so 
8'=0 also passes through 4, 

Bines BC is any tangent to &’, an infinite number of such triangles 
can be drawn, 

223, 67=44'0, 

This similarly is the condition that a triangle can be 
inscribed in §=0, and circumscribed to 5S’. 

224. ®=0 and also 6’ =O, 

When both these relations are satisfied, then the four 


preceding cases are all included, and we have that 
An infinite number of triangles an be inscribed in of 
= “ ‘and an aheie aan 


§=0 
of tani can be inane es or diene gol 


which are slfconjugate for‘ 
Numerical Ezample. Let 
8S = By—k,o?=0 and S'= ya—*,B" = 0. 
22s. If two triangles are self-conjugate with respect to a conic 


S=0, a conic can be described to pass through the siz vertices of the 
triangles, and also another conic to touch their siz sides, 


Let 4BC and 4'B'C’ be the two conics, and take 4BC as the triangle 
of reference. 

Then Smar?+ by?+ct=0, 

a second conic §’ pass through the five points 4’, B’, C’, Band c, 
ao that 


which are circumscribed to 


8’ a's" + 2f'ys + Qg'er + 2h'zy. 
Since 4'B'C’ is a triangle self-conjugate to S and inscribed in S’, 
. 6=0, Le a’be=0, 
, a@'=0, and the conic 8’ passes through 4 also. 
Again, let & conic S” touch the three sides of the triangle 4’B'C’, 
and also the sides AB, AC, 
Then 
S" maa? 4 byt + est + Of "yee? Je%a"ez a2 ,/a" bry =0, 
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Since 4’B'C" is o triangle self-conjugate to S and cireumsoribed to 
8", therefore the 6’ of S and §” is anes i.e. 
a(b"e" - f'%)=0; ' be eof "2, 
”. §" also touches BC. 


226, Gaskin's Theorem. Th: circum-cirele of a triangle which 
is self-conjugate with regard to a conic cuts the director circle of the 
conic orthogonally. 

Let Sear!+byi-1=0, 
and S'e(r-a)+(y- sp -r'=0. 

4 as triangle, self-conjugate to 3, can be inscribed in S’, then 


Henee, as in Art, 218, 
at ptt 2 2 + =0 ML 


”. the square of the distance between the centres of S and S’ 


=al+ Maori + + ; 
=r? + the square of the radius of the director cirela of 5. 

Henee S', the cireum-cirole of the triangle, and the director circle 
of the conic cut orthogonally, 

Again, from Art. 219, we know that 6= 0 if a triangle can be 
circamacribed to §=0 whioh is self-conjugate to S'=0. Henee (1) 
also shews that the self-conjugate cirele of any triangle which is 
circumscribed to a conic cuts its director circle orthogonally. 


7 alae I, Let the conio in each case be a parabola. Then 
we Dave 

(1) The centre of the circle circumscribing a triangle, which is self- 
conjugate with regard to a parabola, lies on its directrix, and 

(2) The centre of the circle which is self-conjugate with Teapeot to 
a triangle, which circaumscribes a parabola, lies on its directrix, i.e, the 
_—— of a triangle which cireumseribes o parabola lies on ita 

irectrix. 


B Let the conic in each case be a rectangular hyperbola. Then we 


i) The siroum-cirele of a triangle, self-conjugate with respect toa 
la, passes throngh its centre, and 

(2) The self-conjngate circle of a triangle, which ciroumsoribes a 
rectangular hyperbola, passes through its centre, 

ILL. The circle self-conjugate with regard to a given triangle cuts 
orthogonally the circlea on the sides as diameters. 

[For the sides are particular eases of inscribed conics, 

IV, The circles on the diagonals of complete quadrilateral as 


diameters are cut orthogonally by the cireum-circle of the triangle 
formed by the diagonals of the quadrilateral, 
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EXAMPLES, 
1, If @ triangle be self-conjugate with respect to a parabola, ite 
ciroum-centre ~ the a 
[Let Sey'-4ar=0, and S'=(2-a)'+(y- 6)?-r?=0. 
If a triangle self-conjugate with respect to § is inscribed in &’, then 
8@=0, which gives a= —a, ete.) 


9, If a triangle be ciroumesoribed to a parabola, the centre of its 
self-conjugate circle lies on the directrix. [Here again 6=0.] 


If o triangle be self te with + to a reotangal 
le the latter a aoe the i spice Je tho tlangle ™: 
(Take Sex (z-a)*+(y-A)?-r8=0; S’mQey-k=0; then O=0,] 


4, If a triangle be circumscribed to a rectangular hyperbola, shew 
that the eirele with regard to which the triangle is self-conjugate 
parses through the centre of the hyperbola. 

[Take Smdry-h=0; Sarl + yl - Oger -Dfyt+e=0. 

Then we are given that 6=0, and hence that ¢=0,] 


5, If #=0 (Art. 113} be the harmonic locus of two conica §S=0 
and §’=0, and if any triangle insoribed in 5' is self-conjugate with 
respect to S, then any triangle inscribed in F is self-conjugate with 
respect to 8”, 

6. What is the meaning of the relation O=0, according as either 
one or each of the quantities A, A’ is zero? 

What do we know of the conica S=0, S’=0 if A, 9, 6’ and A’ are 
all sero? 


If the directrix of a parabola passes through the centre of a 
dial shew that an ‘ntialis necaber of Pacice ge be drawn to 
cireumscribe the parabola and be self-conjugate with respect to the 
circle; and also an infinite number of trianglea can be inaoribed in 
the cirele which are self-econjugate with regard to the parabola. 


8, Shew that an infinite number of triangles can be ciroumacribed 
to the conic S=0, and inscribed in the conic S'=0, in the following 
Cases : 


2h ee : 
(1) Smet 5 ~1=0; Seat + yt -(a4d)'=0; 
att 
(2) Sert + y?- (a4 Pre) ya5+h- 1=0; 
(3) Smay®-daz; S' my*-azr-by+c=0; 


(4) when S is & parabola, and 5’ any circle passing through its 
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9. Shew that the locus of the centre of the self-conjugate circle of « 
triangle circumscribed to a given conic ia circle if the radius of the 
self-conjugate circle is given. 

10, If the director cirele of a conic inscribed in « triangle touches 
the circum-cirole of the triangle it also touches the nine-point circle. 

[Let 0, N, Pbe the ciroum-oentre, nine-point centre, and ortho-centre 
of @ triangle, and K the centre of the conic. Let ¢ and p be the radii 
of the director circle of the conic and of the self-conjugate circle of the 
triangle, Then, by the second theorem of Art, 226, KP? = "+ p?, 

If the director circle touches the ciroum-cirele, then OK =t+R. 

*. (+p) + (t+ RP =K P24 OR%=2NK1+40P" 
= 2NK?+ §(R?- 6% 00a 4 cos B cosC) 
= 2NK?+ 4 (R*+ 2p"). 
“, NKE=t+ : ' 
ic. the director circle and nine-point circle also touch, ] 
227. To shew that two conics, S=0 and S =0, will 
touch if 
(O@’ — 94.4’)? = 4 (@ -3A@) (@* - 34'8); 
and that they will have contact of the second order if 
@ = 340’ and @*=34'@. 

If two conics touch then, as in Part I, Art. 385, two of 
the pairs of straight lines through their points of intersection 
enincide. Hence, instead of three different pairs of straight 
lines through their points of intersection, we only have two, 
and therefore the equation in & of Art, 215 has two roots 
equal. Let the roots be a, a and 8. Then 


ta+B=-<; tap +at=5 ; and atp=—5. 


s 2a, + 2 =—Sat, and re a= S018 =- 
. Ba%A +208 +O’ =0 v..ccseesssses.(1), 
and WO + 240+ 3A'=0 oo. (2). 
Solving (1) and (2), we have 
a® a l 


640-20" @@’-9AA" 640’ — 208° 
“, (0@'—9Aa'P = 4[@*- 346) [0*- 346]. 
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[Equation (1) also follows from the fact that if any 
equation ¢(k)=0 has cqual roots, each of them is a root of 


de 
a" 

If the conics have contact of the second order, there is 
similarly only one pair of straight lines through their points 
of intersection. In this case the roots are all equal to a, and 
we have 

-_ ® ‘ : -) # a’ 
Sa=—<i 3a 3 and aa-7. 
*, @=3A@, and @*= 3A, 
These relations are of the right dimensions according to the 
rule of Art. 217. 


928. To find the condition that a quadrilateral can be 
drawn to circumscribe a conic S=0 and be inscribed in a 
conic 5’ =0. 

We know that quadrilateral can always be projected 
into a rectangle; hence, after projection, 5 is a conic and 3’ 
is its orthogonal circle. 


Thus s2%+¥-1-0, 
and Se e2+y—a’—=0, 
Hence, as in Art. 218, we have 
l 2a°+20? ., a’ +} 
b= - ypi O=- agi Oe -1- SG 
and A’ =—(a* +B), 
' (ae) ae 
“, #- 400" = - —a=-8—. 


, P4400 + BATA’ = 0. 

This relation is of the proper dimensions according to the 
rule of Art, 217. 

If one rectangle can be drawn circumscribing § its vertices 
lie on the director circle, and hence, from the general 
property of the director circle, it follows that an infinite 
nuniber of such rectangles can be drawn, 
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Cor. Two conics are such that quadrilaterals can be 
circumscribed to either, with the ends of two diagonals on 
the other, if 

@ = 2A40' and @* = 2A’@, 

For, in this case, we have both 

@ — 440" + BAA’ = 0, 
and @? — 4A'@@' + 8AA™ = 0, 
and these are both satisfied when 
@ = 240’, and 6" = 2A’@, 


229. Bxs. Prove that the relation 
@-4460'+8A1A'=0 

is also satinfied, 

(1) when the teers to 8 at two of its pointe of intersection with 
&” intersect on 

(2) when Since in the triangle formed by two tangenta to & 
and their chord of contact; 

(8) when 9” is the locus of the intersection of tangents to § which 
divide a given line FF’ harmonically; 

(4) when the other tangents drawn to § from the pointa where any 
tangent to it cute 5’ intersect on a given straight line, 


230. Two conics S and S' are such that, if two of their 
points of intersection are joined to either of the two others, the 
two chords and the two tangents at that point form a harmonic 
pencil; prove that @@'= AA’. Deduce the condition that two 
circles cut orthogonally. 

Take three of the points of intersection 4, B, ( as the 
triangle of reference, and let the conics be 

lat teas dy: 
and SF = 2f'ys + 2g’ ex + Dh’ 

The tangents to the conics at Cosh are ga +hy=0 
and gz+Ay=0, and these with AC and AB, te. y=0 and 
z=(), form a harmonic pencil if 

MES fF | Seana (1). 

Now A=2/gh; @=2/'gh + 2g'hf' + 2h'fy; 

@' = 2g'h' + 2gh'f' + 2hf'g'; and A'=2f'g'h’. 

“QB -AA'=4 (gh' + gh) (hf' + hf) (So' + f'9)=0, 

by equation (1). 
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If we take 3 and C’ as the circular points at infinity, the 
two conics become circles, and, if the tangents at one of 
their points of intersection A divide harmonically the lines 
joining A to the circular pointe at infinity, the circles cut 
orthogonally. The required condition that two circles cut 
orthogonally is thus @@' = AA’, 

This may be easily verified by taking the equations to the 
circles in the form 

a +y?—a'=0 and a +y'+ Ign+a’= 
hahaa Bx, 1. Shew that the relation 66’=AA’ is also satisfied 
WwW 


(1) the conics are a circle and a “ager ag hyperbola, one of whose 
common chords ia a diameter of the circle ; 
ns, en locus FF=0 [Art, 113] degenerates into straight 

(8) the harmonic envelope F’ =0 [Art. 114] degenerates into a pair 
of points, 

Bx. 2. Shew that the equstions to two conics which satisfy the 
relation 66’= AA’ can always be redaced to the forma x*+y’-2?=0 
and 2? -y?+het=0, 

202. Shew that the condition that the pencil formed by joining any 
point on the conic S=0 with ita points of intersection with S’'=0 may 


be harmonic ts 
26° - 9460'+ 27A'A'=0. 
Let the conics be =» La? + MB9+ Ny®=0 oo... csccsecesseceens (), 
aod Lyat + MB + Nye ...ccscccsessescesenee (2). 


If, as in Art. 65, their points of intersection are P,Q, R, 7, the 
equation to the lines PR and QT is 
(LM, - L,M) B+ (LN, - LN) y*=0. 
By Page 128, Ex. 1, P, Q, R, T eubtend a harmonis pencil at an 
ptf of (1) if PR, QT are conjugate with respect to it, and henoe if 


NL (LM, - [,M)+0M(N,L-NL,)=0, 
ie, if M,NL+N,\LM=2L,MN, 
Now A=LMN; 6=1,MN+ M,NL+N,LM=3L,MN in this case; 
@'=LM,N,+MN,L,+NL,M,; and s'=L,M,Nj. 
. @’ -84.4'=3L,"MN (MN, + M,N) 
i 
mle MN _L,MN= cs 
“. 205- sane’ +2702 A’ = 
This is a homogeneous relation which is Bs the right dimensions 
according to the rule of Art. 217, 
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Aliter. Project the points Q, T into the circular points at infinity 
ao that the conics become circles. Then P and R must subtend 
right angle at any point of S, and hence PR must pass through the 
centre of 3. Thus 
and SM ezt+yi-al+2h (y—pr), etc. 

288, The equation ax*+ by? + ce? + 2fy2 4-Qger+ Qhry=0 represents 
a circle, the coordinates being areal; shew that its radius p ts given by 

j= 4H? (abe + 2fgh - af* — bg* - ch*) 
~ [af—0-<) (29-c-a) (@h—a-)’ 
where R is the circum-radiua of the triangle of reference. 

Take S=) (ax? +by!+c2" + 2fys+2g2r + 2hry)=0, 
and Saatyr+b222+¢%ry=0, 
where a,, by, ¢, are the sides of the triangle of reference, and henee 
S’ is the circum-cirele, 

Since S=0 represents a circle, \. can be chosen so that § - S’=0 has 
t+y+2=0 aaa factor, Hence on substituting z=-y-2, we see that 

A{(a4+b- 2A) y? + (a +0 - 2g) 22+ Bys (a+ f-g-A)) 

~ [agtys ~ by%e (y +2) ~e?y (y +2)) 


ee . 2a (a+b -2h)+¢7%=0, 

h (a+c¢ — 2g) +6,7=0, 
and (2a +2) — 2g — 2h) + (by? +0,7-a,")=0, 
giving A(b+e -2/)+a,'=0, 

a a i 

ar a eta res Sa 
Hence A= [abe + 2fgh — af? - bg? - ch), 

and A'=}a,2b,%¢,3, 


Since §=0 is now in the proper form, we have, by Art. 218, 
pe A Afabe+2fgh -af*- bg?— ech) 
Ri A [@f—b-<) (4g -e a) (tha 8)’ 
on substituting for a,*, b,*, ¢)? from (1). 
This is the result with Areal coordinates. If we use Trilimear co- 
ordinates we should have similarly 
ai da,*byt¢,* [abe + 2fgh — af? — bg? - ch*] 
BB~ (foe beg cht) (2geoay~ cag! a8) (Dhagby ~ ab Bagh 
234. Jf S=0 and §'=0 are the equations to two conics, 
F= 0 their harmonic tangent locus, and F' = 0 their harmonic 
envelope, to prove that F’ = @'S + OS'- F, where the forms 
used for F and F’ are such that their discriminants are 
AA’ (@@’—AA') and (@@- AA’). 
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Let the two conics be referred to their common self-con- 
jugate triangle, so that 
Sear +by +c =0, 
and S' 2a'x* + by’ +c2=0. 
Hence, by Arta, 113 and 114, 
F = aa’ (be' + b'c) 2? + bb’ (ca’ + c'a) y* + ce’ (ab' + a'b) 2° =0, 
and 
F* = (ab’ + ab) (ca’ + c'a) a? + (be’ + bc) (ab' + ab) 
+ (ca’ + c'a) (be' + b’c) 2* = 0. 
Now 
@ = a'be + b'ca + c'ab, and @' = al’c' + be'a' + cal’. 
Hence the coefficient of z* in 
@'S + @8'—P =a(ab'c’ + be'a' + ca'b') 
+ @ (a'be + b'ca + c'ab) — aa’ (be' + b'c) 


= a'b'c’ + abe + eaa'b' + aba'e’ 
= (ab’ + a’b) (ca’ + c'a), 
and so for the coefficients of y* and 2’, 
Hence F' 60'S + 0S' -F. 


The discriminant of F 
= abe a'b'e' (be' + bc) (ca’ + ca) (ad! + a’b). 
Also 
@@' — AA’ =(a'be + b’ca + cab) (ab‘c’ + be'a’ + ca’b’) — abc. a'b'e' 
= (be’ + bc) (ca’ + c'a) (ab + a°6), 
Hence the discriminant of F 
= AA’ [@0' - A’), 
Also the discriminant of F’ 
= (be' + b'c)* (ca' + c'a)* (ab' + a’b)* = [@@' — AA'P. 
Hence the forma chosen for F, F’ are as stated. 


Cor. If 6@'—AA'=0, the harmonic locus breaks into 
two straight lines, and the harmonic envelope also breaks 
into factors, and gives two points only, This is the case, as 
in Exa. 1 and 2, p. 11, when the two conics are orthogonal 
circles, 
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235. Such a function as F’ is said to be covariant of 
§, 8’ and F, 

Any function ¢ is a covariant of other functions S, 5, ... 
when it is derived by some rule from those functions, and 
when, if the variables involved are transformed by any 
linear substitution, the result obtained by transforming ¢ 
differs only by at most a constant multiplier from that which 
we should get by first transforming S,.5’,..., and then from 
them deriving @ by the same rule as before. 


236. Ina similar manner we can shew that if § and 3’ 
be the tangential equations of two conics, and @ and ©’ the 
tangential equations of their harmonic locus and harmonic 
envelope respectively, then 

o = O'S + 3’ - 4. 
For = = Poe + mica + n*ab; 
2! = Pb'c' + mic'a’ + n'a'b’; 
© = beb'c' (ca’ + c'a) (ab’ +a'b) P+... +...; 
sod = &’ = aa bb'cc' [(be' + b'c) 2 +... +...) 
8=theinvariant derived from Zand ¥’=abe(ab'c'+...+...), 
and @' similarly =a'b'¢' (a’be +... + ...). 

(It may be verified, asin Art. 234, that the forms of @ and 
® are so chosen that their discriminants are respectively 
60'— AA’) and Ad‘ (@@' - Ad’), where A, @, @’, and A’ 
belong to the system % and 3'.] 

Just as in Art. 234, it may now be shewn that 

o'= O'S + @2' - o. 


de ier 
§, = 0S’ — F = F’ -8'S, 
and 4; = @S —-F = F’ —@9". 
Paes the notation as in Art. 234, we have, from Art, 178, 
5, =a™beat + b*cay? + c%abz* =0, 
and Sy =a"b'c'a? + e'a'y* + 7a'b' =0, 
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Now 
@S' — F = (a'be + b'ca + c'ab) (a'2* + b'y* + c'2*) 

— aa (be' + b'e) a — bb (ca’ + c'a) y*—ce' (ab' + a'b) 2? 
=a"bea! + b%cay* + cabs? =S,. 

., §, =O -F=F"-@'S, by Art. 234. 

Also 
@'S- F = (ab’c' + be'a’ + ca’b') (ax* + by" + ca") 

—aa' (be' + be) a* — bb’ (ca’ + ca) y*— ce’ (ab' + ab) 2 
=atb'o' x4 + bte'a' y+ a’b's* = 8, 

“, §/ =@S-F=F"—@8, by Art, 234. 

Cor. If the conics § and S' are such that @ = 0, then the 
harmonic locus F is the polar reciprocal of S with respect 
to S’, and the harmonic envelope F* is the polar reciprocal 
of S' with respect to S. 

If the conics are such that @'=0, then the harmonic 
locus Fis the polar reciprocal of $’ with respect to S, and the 
—— envelope F” is the polar reciprocal of 3 with respect 


938. That there must be a linear relation between 
§,, S’ and F follows from the fact that the points of contact 
with 9" of any common tangents to Sand are the poles of 
tangents to § with regard to S’, and are thus points on the 
polar reciprocal §,, and through these points passes F’, by 
Art. 117. Hence we must have a relation of the form 

5, =1s' + mF’. 

280. Shew that the general equation of @ conic touching the four 
common tangents of two conics S=0 and &' =0 is AS+kP +k A'S'=0, 
where k is a variable parameter and ¥ =0 is the harmonic locus. 

Let § saz! +by" +cs* =0, 
and Sma’? +b'y*+c'24=0, 

Let Z and 2’ be the tangential equations to these conics, so that, 
by Art. 72, 

Z=Pbhe+mica+n%ab=0, and E’=Pb'e'+mic'a'+n'a' =. 

The ph et equation of any conic touching the four common 
tangents of § and & is 


2+L2'=0, 
ie. (be + kbc’) 94 (¢a+ ke’a’) m*+ (ab + ka’b’) n*=0. 
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For the point equation we have, by Art. 73, the coefficient of x" 
=(ca+ ke’ a’) (ab+ ha’ b’) =a" be + kaa’ (be' +b’ c) + Ka’? h’c’, 
and so for the coefficients of y? and 2*, The required equation is thus 
abe [art + by? + cz") 
+k[aa’ (be’ + b’e) 2*+ bY (ca’ +c’ a) y*+ce’ (ab! +0'b) 2°] 
+k a’b'e' (a'2?+ by? +e’) =0, 
ie, AS +kP +k A'S’ =0. 

Cor. The envelope of these conics is the four common tangents 
themselves. Hence the equation to these four common tangents is 
P?=444'8S', (Cf, Art, 117.] 

240. Shew that the tangential equation of 84 kS'=0 ts 

L+kb+k'E'=0, 
and interpret the equations $=0 and 4° -432'=0, Shew that the point 
equation of 2+kb=0 i 
A4S+k [05+ AS] + #(6'S +05’ -P]=0, 

and interpret the equation 

(05 +AS’F-4A5(0'S +65’ -F)=0. 

Let Smaz'+by?+ca?=0, and S'ma'r'+b'y'+c's*=0, 

Then the tangential equation of 

(a+ ka’) 27+ (b+ bb) y*+(c+ ke) s!=0 

P[b+ kb’) [c+ke']+...+...=0, 


t.¢. 
(beP +... +...) +k [P (be’ +b'e) +... 4... J+ k [Pb e+... 4...J=0, 
1.€, Z+hb+hZ'=0, 
where is the tangential equation of the harmonio envelope, The 
equation ¢*=422' ia the tangential equation of the envelope of the 
above conics, i.e, it is the tangential equation of the four common 
points of the conics S, S’. (Cf. Art. 116.] 
The equation Z+kd=0 
is {be+k (be'+b'e)} P+... +...=0, 
For the point equation the coefficient of z* 
=(ca+&(ca'+c'a))[ab+ k (ab’ +a'b)) 
=a"be + k[a(a'be +b'ca+c'ab) +a’. abc]+ 4 (ca’ +c’ a) (ad’ +a’b), 
Hence the point equation is 
abe (ax? + by? + ¢27] 
+ k[ (ax? + by? +ca¥) (a’be + b'ea +c’ ab) + abe (a's? + b'y?+-c'2%)] 
+4 [(ca’ +¢'a) (ab +0'b) 29+... 4...]=0, 
i.e. AS+k (6S + AS'] +P’ =0, 
ie. AS +k (63+ AS’}+k*(0'S +08’ -¥)=0, 
by Art, 284, 
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The equation 
(6S’ + AS’? -445 (6'5 +05 -F)]=0 
is the envelope of these conics, i.¢. it is the equation to the four common 
tangents to § and F’. 


241. Since the reaults of the last two articles only contain quantities 
which are invariants with respect to S and S", or which, like P=0 and 
F’ =0, are defined bya ical eres aks ee 
particular axes of coordinates or triangles of reference are used, 
these results will remain true whatever be the particular forma that 
are used for S and S’, and, in particular, will hold when 5 and 5’ are 
given by the general equations of the second degree. 

‘This can be verified, as in the previons articles, yp age general 
equations for § and S’ and using for F and @ the values given in 
Art. 115. 

EXAMPLES, 

1, Determine the homogeneous relations which exist between the 

invariants of the conics 
S, = (ax + By)*-22=0; 
8,2 6" (2°+y*) -22=0; 


and S,m zy + 2Bhs+bady-—=0; 


and verify the corresponding geometrical relations between the conics. 


9, Find what homogeneous relations exist between the invariants 
in the two following cases; 

(1) S is a parabola, and S" a rectangular hyperbola whose centre is 
at the foous of 5; 


(2) S iss circle, and S' s parabola whose focus is on 5. 


9, From the fact that, if a conic touches the locus of the feet of the 
normals drawn to it from any point P, then the locus of P is the 
evolute of the conic, obtain the evolutes of the parabola y’=4pz and 


i 
of the ellipse % + #5 =1. 


4. adage dy eo pest loeus of the cantre of a variable 
conic §=0, which is self-conjugate with regard to s given triangle, 
and such that the invariant © of S and S’ vanish, is straight line, 


, Two conics § and $’ intersect in 4; the tangents to S and S’ at 
A mest S' and S$ in B and C respectively and BC meets the conics 
again in B’, C’; if B’ and C’ are the harmonic conjugates of B and C, 
prove that 60’ + AA’=0. 


6, Shew that a conic can be drawn to have contact of the third 
order with the conics S=0 and 8’'=0 if AB%=A'0". 
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7, %=0 and F'=0 are the harmonic loous and harmonic envel 
of two conica S=0 and S’=0, If les can be inscribed in 
which are self-conjugate with respect to F’, then 

60’ +844'=0, 


8, If F=0 and ¥’=0 have double contact, then S=0 and §'=0 
have double contact, or elae AG" = 4'6'. 

9, If the four points of contact with §=0 of the common tangents 
to Sa and §’ =0 are are joined to any point of S, sd the lass oo formed 
give a harmonic l, prove that 

26" - 966A’ +27447=0, 

10, If one pair of common chords of two conics are conjugate lines 

with regard to each of the conics, prove that 60’ =9AA’. 


11. lande'gc os =0 and S'=0 touch; shew that the ratio of their 
curvatures at t be point of contact is equal to the ratio of the unequal 


roots of tha eq 
AM + 6k + 0'k+A'=0, 


12, An infinite nomber of quadrilaterals can be inseribed in S and 
cireumseribed about 5. If 8, the polar reciprocal of S with respect 
to &", shew that an infinite number of triangles can be inscribed in § 
and cireumseribed about §,. 


13, Find the locus of the ortho-centre of a triangle which is inacribed 
in a conic § and circumscribed to a conic 8’. 

The principal axes of S’ being the axea of coordinates, we have 

Swag! + Qhey + by? + 2ge4Ify+e=0, 
and S' ma's*+b'y? -1=0, 

Let (x’, y') be the ortho-oentre of any such triangle and d the radius 
of its tcl radon circle, ao that the «nation to the latter is 

Sa(e—r''+(y-y'P-#=0. 

By Arts, 291 and 919 sinos ee is insoribed in 5, ciroum- 
soribed to 5", and self-oonjugate to 8", the 6’ of S and §” ia zero, and 
also the © of 5’ and S” in sero, 

Hence ax? + 2hr'y’ + by’? + 2gz' +2fy'+¢ - (a+b) d’=0, 
and a+b — (27+ y7-@) a'b'=0, 

Hence, on eliminating @, the required locus is the conic 


S=(a+b) (#+1-3- 5). 


14, A triangle ABC is self-conjugate to a conic 8, and two of i 
anpular points, B and C, Wie on a comic 8; shew thatthe reg tieagp: Pre 
third angular point 4 is O8~-AS'=0, Prove also that the vide BC 
touches the harmonic env of 8 and S', and that the sides AB, AC 
touch the reciprocal polar of 8' with regard to S, 


Lo ; 15 
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Taking BC as the triangle of reference, we have 
Sw az? +by?+c2?=0, 
and S'ma'st + 2f'ys+ Qg'sx+ Qh'zy=0. 
Clearly the conic a'S -a5'=0 goes through the point A, 


Dut Axatc and Gxa'te. ¢. aos, and hence @§-AS'=0 is a 


conic through 4. Bat since this equation contains only S, 5’ and the 
invariants, it is clear that it remains the same whatever triangle of 
reference ia taken, Hence the conic is a fixed one. It follows, as, 
would be expected from Art. 219, that the locus reduces to S’=0 when 
8 is zero, 

The tangential equation to the harmonic envelope is (Ark. 115) 

$=ca'm' +a'bn? - Qaf'mn - 2bg'nl - Ich'im=0. 

This is satisfied by m=0, n=0, i.e. the base BC always touches the 
invariant conia F’=0, 

As in Art. 179 the polar reciprocal of 5’ with regard to 9 is 

ats F214 big By? + ohh’ s? - he (g'h'-a' f') ys 

- Yeah’ f'sx - Qabf'y’zy =0. 

This touches both 4B and 4’, But, since the equation of this polar 
reciprocal can be put into the form 6’S-F=0, it is an invariant 
conic, Hence the sides AB, AC always touch it. 


15, Triangles can be inscribed in a conic S=0 which are self- 
conjugate for a conic 8’=0, Shew that the triangle formed by the 
tangents at the angular points of any such triangle is inseribed in 
the conic AS’ - 6S=0. 

16, Two conics, S and S’, are such that triangles can be inseribed 
in 3’ whose sides touch 5, Shew that the locus of the point of inter- 
section of the lines joining the vertices of any auch triangle to the 
point of contact of opposite sides is the conic 84S’ -20S=0. 

17, A triangle is inecribed in a conic S=0 and two of ite sides 
touch the conic &'=0; shew that the envelope of the base is the conic 
(0 - 4A'0] $4 4A4’5’ =0. 

18. A triangle circumscribes a conic $=0 and the extremities of 
ita base lie on the conic §’=0; shew that the vertex lies on the conic 
{@?- 4A0’}? $+ 164° A'S’ +44 162-400] F=0. 

[When 67=4A0’, the locus reduces to S°=0, (Art. 222.)] 

19. The conic S=0 touches three sides of a quadrilateral, and the 
vonic S’=0 through the four angular points; prove that the 
evvelope of the fourth side is the conie 

(@7— 440'}? §+84 (69- 4460' + BAA’) S'=0, 


ANSWERS 


(Pages 58, 59) 
2, {(mn +1)(am + Ba) + (m!+n3)} { (mn-1)(am-Bn) +y(m*-n’)} =0, 
6, A conic touching two of the fixed lines, 
7, A conie cirenmscribing the triangle of reference, 
13, A cubic circumseribing the triangle of reference, 


(Pages 71, 78.) 
2. (f00s B--ycos C)*=asin A (sin B+ysin C); 
coon B.8+6 cos C,y=0, 
12, The nine-point circle. 


(Pages 85-87.) 
24, 2°+y!+22- dys - Dee — Dry =0, 


(Pages 92-94. ) 
13, (1). (1,0), (-1, 0) and (0, 1); (2+y-1)'+ (e-y+1)?-4y*=9; 
(2 +y-1)?-(2-y+1)8+y%=0, 
(2). (1, 0), (-1, 0) and (-}, 4); 
4 (z+ 2y-1)- (22-By +9)! -Byt=0; 
A (2+ By -1)'+ (22 - By +2)? - Sy*=0. 
(3). (by ~ 4), (-4, 4) and (-9, -8); 
(2a y+ 18 - (e--y-1}'+(2tyP'=0; 
~ (Oe ~y + 1/842 (xy -1)94+2 (r+y)*=0, 
14, Xsy+2=0; Ya2+2=0; Zez+y=0; X?- ¥242%=0; 
X14 y?-972~0, 


(Page 106, ) 
(Pages 111-114.) 
& =0; y=0; r+22=0; z= 12y -4z2=0, 
(Page 144.) 


ye 
az’ — By’ z - By'+3" 


10, 2?=4yz. 
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228 ANSWERS 


(Page 149.) 
1, 567+ 9m"- 1in' - 4200 -— 52nl +44im=0, 
3. (}, #5 t+ y=2. 
(Pages 169, 160.) 
§, The conic ayz +ber+ery=0. 
§, (8, -8, -—2); s+y=0 and 172+ by+18&:=0. 
1 i) 
8. (0, ig) e804 OLEN, NL, Lr) 


(Page 168.) 
1. (2,1); (-2, -1). 

(Page 224.) 
1, 60’=9AA'; 6'=440"; O=0. 
9, 8=0; 6%=448. 
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